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Abstract

In this paper, we investigate the boundedness of sublinear operators generated by fractional integrals as well
as sublinear operators generated by Calderén-Zygmund operators on generalized weighted Morrey spaces and
generalized weighted mixed-Morrey spaces. In particular, we are interested in the strong-type estimate for 1 <
p < oo and the weak estimate for p = 1. Under some assumptions, we prove that the operators and their
commutator with a BMO function are bounded on those function spaces with different weights. The results then
imply the boundedness of fractional integrals with Gaussian kernel bounds as well as with rough kernels, fractional
maximal integrals with rough kernels, and sublinear operators with rough kernels generated by Calderén-Zygmund
operators. Using the results, we obtain some regularity properties of the solution of some partial differential
equations.

Keywords Sublinear operators - Fractional integrals - Calderén-Zygmund operator - Commutators - A, , weights -
Generalized weighted Morrey spaces

Introduction

We shall discuss the boundedness of sublinear operators on generalized weighted Morrey spaces and generalized weighted
mixed-Morrey spaces with different weights and then apply the results to the regularity properties of the solution of some partial
differential equations.

The classical Morrey spaces L?** were first introduced by C. B. Morrey in 1938 [40]. After the WW II, a large number of
investigations regarding the function spaces have been carried out. The reader may find some recent works in [3, 26, 33, 38, 47]
and the references therein.

Throughout this paper, we denote by B(a, r) an open ball centered at a € R” with radius » > 0. For a set E in R", we denote
by E€ the complement of E. Moreover, if E is a measurable set in R”, then | E| denotes the Lebesgue measure of E.

Let0 <o <n,l <p<n/a,and 1/g = 1/p — a/n. We consider a sublinear operator S, such that for every f : R" — C

satisfying
o0

1/s
Y@yt ( / If(y)l“dy) <oo, (a,r)eR"xR*
B(a,2x'r)

k=1
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where 1 <s < pforl < p <n/aors =1for p = 1, the following inequality

00 1/s
SUp [ S (f + xB(a2rye) )] = €Y@ )7t ( /B i )If(y)lsdy> (1.1

xeB(a,r) k=1

holds. For « € (0, n), this operator was introduced by Y. Wang [57].
In addition, for b € BM O, the commutator of the sublinear operator S, where 0 < o < n is defined by

[0, Sal(f)(x) = Sa((b(x) = b() H(x), xR, 1.2)

whenever this makes sense. In general, to make sure that [b, Sy ](f) is defined, we require that this expression is finite almost
everywhere. In particular, if we split f into the local and the global parts, the right-hand side of Eq. 1.1 must be finite for both
parts, in place of f.

In this paper, we are not interested in particular formulae for S,. However, for « = 0, the sublinear operator So covers the
sublinear operator S generated by Calderén-Zygmund operator satisfying

PACOIN

swi=c [ : (1.3)
Rr [X — ]
for f € L' with compact support and x ¢ supp ( f). Observe that this operator satisfies
e 5
sup |S(f * XB@an) ()] < C Y @78 ( / If(y)lsdy> (14)
xeB(a,r) =1 B(a,2k+1r)

which is the inequality Eq. 1.1 for Sp. In other words, the inequality Eq. 1.4 is weaker than Eq. 1.3. Hereafter, without confusion,
we will write S := Sp.

For 0 < o < n, the fractional integral operator or the Riesz potential I, also satisfies (1.1). Thus, our S, covers S and 1.

There are many other operators (and their commutators) satisfying the assumption (1.1) as well as one formulated in Eq. 1.5
below. For 0 < @ < n, besides the Riesz potential, one may consider fractional integrals related to operators with Gaussian kernel
bounds, fractional operators with rough kernels, and fractional maximal operators with rough kernels. Meanwhile, for « = 0,
the Hardy-Littlewood maximal operator, generalized Calderén—Zygmund operators, Carleson type maximal operators, C. Fef-
ferman’s singular multipliers, R. Fefferman’s singular integrals, Ricci—Stein’s oscillatory singular integrals, and Bochner—Riesz
means satisfy Eqgs. 1.1 and 1.5.

Assuming that these sublinear operators and their commutators are bounded on weighted Lebesgue spaces (or weighted weak
Lebesgue spaces), Wang obtained the following theorem on their boundedness property on generalized weighted Morrey spaces
(or generalized weighted weak Morrey spaces) for 0 < « < n.

Theorem 1.1 [57] Let0 <o <n,1 < p <n/a,1/qg =1/p—a/n, w' € Ap/sq/s where1 <5 < pforl < p < n/a and
s = 1for p =1, and Sy be a sublinear operator satisfying (Eq. refsublinear for any (a,r) € R" € RT.

1. Suppose that (Y1, V2) satisfies the condition

<=

<Cyn(a,r), (a,r)eR"xRT.

/°° essinf; /<00 Y1(a, DwP(B(a, 1) dt

: el
’ wP(B(a,1)? !
If Sy is bounded from LP"" to L9 for1 < p < n/a and from LY to WL then S, is bounded from Mi’lwp to /\/lzl’zwq

for1 < p < n/a and from Mxlmw to WM‘&I’qu.
2. Suppose that (Y1, ¥») satisfies the condition

<=

< Cyn(a,r), (a,r) eR" xR*.

e ry essinf; ;<00 Y1 (a, HwP (B(a, )7 dt

(1+m%) : 2

r ! wP (B(a, )7 !

Ifb € BMO and [b, S,] is bounded from L 1o 4w forl < p < n/a and from LY 1o WL then [b, S, is bounded
from Mi'lwp to sz,zwq for 1l < p < n/a and from M]]//]w to WMZ/’qu.

In this paper, we extend Wang’s results. We investigate the boundedness of the sublinear operators on generalized weighted
Morrey spaces and generalized weighted mixed-Morrey spaces with different weights (which we shall define in the “Preliminaries:
Definitions and Lemmas” section), where w® € A,/ 4/s is replaced by (w], w3) € A,/ 45 for 1 < p < n/a. Moreover,
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we also investigate the operator So for the case « = 0 to extend the known results for the sublinear operators generated by
Calder6n-Zygmund operators on generalized weighted Morrey spaces and generalized weighted mixed-Morrey spaces.

Related to the generalized weighted mixed-Morrey spaces, we modify the sublinear S, satisfying Eqs. 1.1 or 1.4 to become
T, as a sublinear operator with the conditions

oo 1/s
sup |To (f - xpaane) (0] = € Y @7t (/B ( 2k+l)|f(y,r>|xdy) , (1.5)

xeB(a,r) k=1

for any (a,r) € R* x R andt € (0,T), where ] <s < pforl < p <n/aands = 1for p =1,and T > 0 is fixed. The
commutator is then given by

(b, To1(f)(x, 1) = T ((b(x) = () fHx, 1), x €R" 1€ (0,T).

We shall assume that S,, [b, S¢1, Ty, and [b, T,] are bounded from L?” i o L33 (or other relevant space) where 1/g =
1/p —a/n and S,, [b, Sy], Ty, and [b, T,] are bounded from LP-*! to LP-*2 (or other relevant space) for « = 0. Although
these initial assumptions only guarantee that the operators can act on functions in weighted Lebesgue spaces, there is no a priori
guarantee that they can act on functions in generalized weighted Morrey spaces. However, as we shall see later, the boundedness
of Sy, [b, Sy, Ty, and [b, T, ] from LP-*! to LP-*2 will imply the boundedness of the operators and their commutators on the
spaces of our interests.

To address the domain issue rigorously, we note that the series on the right-hand sides of Egs. 1.1 and 1.5 are indeed finite
when f belongs to the generalized weighted Morrey spaces or their extensions considered in our theorems. We shall verify this
fact explicitly. Consequently, under appropriate conditions on the pairs (w1, wy) and (1, ¥2), we can extend the domain of the
sublinear operators to these broader spaces.

This paper is quite long. For convenience, we state our main results below. The definitions and the properties of A, and A, 4
weights will be presented in the “Preliminaries: Definitions and Lemmas” section, along with the definitions of the function
spaces that we are working on. We also provide the definitions of the sublinear operators acting on the relevant function spaces
in the “Preliminaries: Definitions and Lemmas” section. The proofs of the theorems will be presented in the “Proof of Theorem
1.2-1.5” and “Proof of Theorem 1.6-1.8 and Theorem 1.10-1.12” sections. Finally, some applications of our main results will
be given in the “Applications to other operators” and “Applications to partial differential equations” sections.

The following are our main results in this manuscript. We begin our analysis by focusing on the fractional integral operator
Sy (Where 0 < @ < n) acting on generalized weighted Morrey spaces. The following theorem establishes the foundational
result, showing that the boundedness of S, on Lebesgue spaces can be lifted to generalized Morrey spaces, provided the weight
functions satisfy a specific integral condition.

Theorem 1.2 Let0 <a <n,1 < p <n/a,1/g =1/p —a/n, (W], w3) € Ap/sq/s and w3 € Ay q/s where 1 < s < p for
1 < p <njaands = 1for p = 1. Suppose that the two positive functions Y| and yry on R* x R satisfy

inf /oo Y1 (@, D! (Bla, )7 dt
— <

l oo
up / | (1.6)
(a,r)eR" xR+ 1//2(07 r) r wg(B(a, t))g !

P q

If Sy is bounded from Lo g L9402 forl < p < nja and from L1 1o WLIY2, then Sy is bounded from M{;’lw‘ to M?p,zwz
q
forl < p < n/a and from M}lj’lw‘ to Wle'zwz.

Next, we extend this result to the commutator [b, S, ] with asymbol b € BM O. It is worth noting that the integral condition for
the weights now incorporates an additional logarithmic factor, which is a standard characteristic when dealing with commutator
estimates.

Theorem 1.3 Let0 <a <n,1 < p <n/a,1/qg=1/p —a/n, (W], w3) € Ay q/s and w3 € A,/ 475 where 1 < s < p, and
w1 € Awo. Suppose that the two positive functions yry and yry on R" x RT satisfy

o0 : 14 %
sup 1 / (1 I 5) infy <00 Y1 (a, Dwy (Bla, 1)) 7 dt - o, (17)
Ya(a,r) J,

1
(a,r)eR" xR+ r wg(B(a, 1) t

q

P
If b € BMO and [b, S4] is bounded from LPV 10 Lq’“’g, then [b, Sy is bounded from Mf;’]w‘ to ./\/lzj’sz. Moreover,

P
1B Sa1f Il g < CUBIISI ,up for fre My ™.
M\h sz
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The previous theorems can be generalized into the framework of mixed-Morrey spaces (often involving space-time variables,
which are useful in evolution PDEs). The following theorem translates the boundedness of the fractional operator 7, into this
mixed setting.

Theorem 1.4 Let v be a positive function on R" x (0,00), 1 < pgp <00, 0 <a <n, 1 <p <nj/a, 1/qg=1/p—a/n,
(wi, w3) € Apjs q/s and w3y € Apss q/s where 1 <s < pforl < p <n/aands =1 for p = 1. Suppose that the two positive

functions Yy and Y, on R" x RT satisfy Eq. 1.6. If Ty, is bounded from LPw 1o L9492 forl < p < n/aandfrom L1 to WLIv3,
14 q
then T, is bounded from M1™" (0, T, M};"1) to MY (0, T, M%) for | < p < nje and from M™" (0, T, My"™) to

ME O, T, WA,
Analogously, we can establish the boundedness for the commutator [b, T, ] within the mixed-Morrey spaces.

Theorem 1.5 Let v be a positive function on R" x (0,00), 1 < pp <00, 0O <a <n, 1 < p <nj/a, 1/qg=1/p—a/n,
(wi, w3) € Apjsqss and wy € Apssq/s where 1 < s < p, and wy € Ax. Suppose that the two positive functions

and > on R" x Rt sansfy Eq1.7. Ifb € BMO and [b, Ty] is bounded from L? i o L9 “’2 then [b, T,] is bounded
from M0, T, My, wl)zoM”(’w(O T, My, v2). Moreover; |[[b. Ty] 171l o < ClblsIfI M fr

R q,w
MO0, 7 M2

My M 0,17, M

2] 2
feMPro,T, M{;’l’”' ).

We now shift our attention to the limiting case where « = 0, which corresponds to singular integral operators (such as
Calderén-Zygmund operators), denoted here by S = Sp. In this scenario, there is no fractional shift, meaning the index p is
mapped back to p.

Theorem 1.6 Let 1 < p < oo, (wy,w2) € Ap)s and wy € Ap/s wherel < s < pforl < p <ocoands = 1forp = 1.
Suppose that the two positive functions yry and yry on R" x RT satisfy

inf; </ <00 V1(a, DHw1(B(a, l))% dt
— <

1.8
(a, r)eJR”xR+ 1/f2(a r) / (B, t))ll’ p (1.8)

If S is bounded from LP™1 to LP"2 for 1 < p < 00 and from LY"1 to WL 2, then S is bounded from Mp 1 to Mp "2 for
1 < p < oo and from ./\/lw]w1 to W./\/ll wz.
Following the established pattern, we present the result for the commutator [b, S] in the singular case.

Theorem 1.7 Let1 < p < oo, (w1, w2) € Ap/sand wy € Ap s where 1 <s < p, and w € Awo. Suppose that the two positive
functions ry and y» on R" x RY satisfy

1
o0 1 r
wp / (1 i 5) infi 1 <eo V1@, Dun(Bl@, )7 dt_ (1.9)
(@r)ernxrt ¥2(a@,r) Jr d wa(B(a,1)? !

If b € BMO and [b,S] is bounded from LP™' to LP-"2, then [b,S] is bounded from ./\/lp o Mi;wz. Moreover,
1. S1f 1l aqzv < CUBIIf | gpn for f € My

For commutators of singular operators, the strong-type estimate generally fails at the endpoint p = 1. To address this, we
provide a weak-type endpoint estimate utilizing the Orlicz space structure (L log L), as formulated below.

Theorem 1.8 Let (w, wy) € Ay, wy € Ay and wy € Aso. Suppose that the two positive functions Yy and Y, on R" x RT
satisfy
B(a,t dt
sup / <1 +ln ) wilB@ 0 e @ < oo (1.10)
(a, r)eR”xR+ 1#2(‘1 }") r wz(B(a7 t)) I=5<00 14

Ifbe BMO, ®(t) =t(1 +logtt), and S satisfies

wi (x)dx (1.11)

n. |f ol
wy({x € R" : |[b, Tol(/)(x)| > 0}) = C . o\
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where C > 0 is independent of f and o, then there exists a constant C > 0 such that

og L,w
AL PV

Remark 1.9 If wy = wy € A1, b € BM O, then the generalized Calder6n-Zygmund operator 7y which is introduced by Yabuta
[58] satisfies Eq. 1.11.

b, To](f)IIWMJI,wz = C||b]lx supo
3

o>0

The final part of our results adapts the singular operator cases (¢ = 0) to the mixed-Morrey spaces. We first state the theorem
for the base operator 7.

Theorem 1.10 Let i be a positive function on R* x R, 1 < pg < 00, 1 < p < 00, (w1, w2) € Aps and wy € Ap s where
1<s<pforl <p<ooands = 1for p= 1. Suppose that the two positive functions \r| and yry on R" x R satisfy Eq. 1.8.
If Ty is bounded from LP"' to LP" for 1 < p < oo and from L' to WL"“2, then Ty is bounded from M{;o,w O, T, Mf;’]wl)

, ) s 1, s 1,
to MY (0, T, MY™) for | < p < oo and from My"" (0, T, My ") 10 ME"(0, T, WM, ™).
Subsequently, we expand this to encompass the commutator [b, Tp] acting on the mixed spaces.

Theorem 1.11 Let Y be a positive function on R" x R, 1 < pg < 00, 1 < p < 00, (wi, w2) € Ap)s and wy € A,/; where
l<s<pforl <p<oocands =1forp=1,and wy € Aso. Suppose that the two positive functions Y| and yr» on R" x Rt
satisfy Eq. 1.9. If b € BM O and [b, Ty] is bounded from LP-"! to LP-*2, then [b, Ty] is bounded from Mﬁ“’w(o, T, Mf;,’lwl) to

MO, T, M) Moreover, for f € MU0, T, My, ||[b, To]f||M$0.w(O’T,MZ,2m2) < C||b||*||f||M$0,m(0’T’M$1w1).

Finally, to close our main results, we present the endpoint weak-type estimate for the commutator in the mixed space setting,
adopting the same Orlicz space approach used in Theorem 1.8.

Theorem 1.12 Let T > 0, ¥ be a positive function on R" x RT, 1 < pg < oo, (w1, w2) € A1, wy € Ay, and wy € Ago.
Suppose that the two positive functions Yy and yry on R" x RT satisfy Eq. 1.10. If b € BM O and Ty satisfies

wi(lx € R" : b, Tol(H) (. )] > o) < c/ ® ('f(’;—’)'> wi@dx, te€0,7)

Rn

where C > 0 is independent of [ and o then there exists a constant C > 0 such that for any suitable function f, we have

o Po,w og L.w)
MO, My B

Remark 1.13 Our results generalize the results in [22, 24-27, 29, 30, 33, 46, 47, 56, 57] among others.

186, TN 0 07w agle2) < CID I sup

>0

Preliminaries: Definitions and Lemmas

In this section, we discuss A, and A, , weights and the weighted Lebesgue spaces. We also present the definitions of
generalized weighted Morrey spaces, generalized weighted weak Morrey spaces, generalized weighted Morrey spaces of L log L
type, generalized weighted mixed-Morrey spaces, generalized weighted mixed-Morrey spaces, generalized weighted weak mixed-
Morrey spaces, and generalized weighted mixed-Morrey spaces of L log L type. At the end of this section, some lemmas that
we shall use to prove the main results about the boundedness of sublinear operators on generalized weighted Morrey spaces and
generalized weighted mixed-Morrey spaces are provided.

A weight w is a nonnegative locally integrable function on R” taking values in the interval (0, co) almost everywhere. For a
weight w and any measurable set E C R", we write w(E) = f g w(x)dx. The weights that we discuss in this paper belong to
the Muckenhoupt class A, or A, 4.

Definition 2.1 [18] For 1 < p < oo, we denote by A, the set of all weights w on R" for which there exists a constant C > 0
such that for (a,7) € R” x RT,

1 1 _ A\t
<7 w(x)dx) (7 w(x) P*‘dx) <C.
|B(a,r)| JB,r |B(a, )| JB,r
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For p = 1, we denote by A the set of all weights w for which there exists a constant C > 0 such that
1
—_ w(x)dx < CllwlreBa,r), (@r)eR" xR
1B(@, M)l Jsan e

We define Ao :=Up>14).

Remark 2.2 Note that the last inequality is equivalent to

1
Iy w(x)dx)) Nw Mz m =<C, (a,r)eR"xR".
<|B<a,r>| Blar) B@r)

Theorem 2.3 [18] Foreach 1 < p < oo and w € A, there exists C > 0 such that w(B)/w(E) < C(|B|/|E|)? for every ball
B and measurable sets E C B.

Definition 2.4 For 1 < p < oo, the pair of weights (wy, w2) belongs to A, if there exists a constant C > 0 such that for

(a,r) e R" x RT,
( ! ()d)( ! ()lld>p_l<c
- wr(x)dx | | ——— wy(x)” P Tdx <C.
|B(a,r)| B(a,r) |B(a7r)| B(a,r)

For p = 1, the pair of weights (w1, w») belongs to A if there exists a positive constant C > 0 such that
1

wy(x)dx < Cllwy|loB@ary, (a,r)€R" x RT,
|B(a, )| JBa.r @)

Associated to a weight w € A, with 1 < p < oo, the weighted Lebesgue space LP°* (©2) on a measurable subset €2 is the set
of all measurable functions f on 2 for which

P
1oy = ( | If(x)l”w(x)dX> < oo,
Q
In addition, W LP-" (Q2) consists of all measurable functions f on € for which

1
I fllwerw :=supyw(x € Q:|f )| >yhH?r < oo.
y>0
If Q = R", we write LP% = LP-W(R") and WLP-Y = WLP-Y(R"). Notice that if w is constant a.e., then we find that
LP" = LPand WLP"Y = WLP.
Moreover, we denote L{Z)’Cw by the set of any measurable function f such that || f - xB(a,r)|lLrw is finite for any ball B and
WL{:)’Cw by the set of any measurable function f such that || f - xg(a,r) llwrr.v is finite for any ball B.

Related to the discussion of fractional integral operators I, we have another class of weights denoted by A, ;.

Definition 2.5 [42,52] Let 1 < p < g < oo and p’ satisfies 1/p + 1/p’ = 1. We denote by A, , the collection of all weights

w satisfying
1
o

1
1 q 1 /
<7 w(x)qu>q <7 w(x)™P dx) ' <C
|B(a,r)| B(a,r) |B(a,r)| B(a,r)

for (a,r) € R* x RT where C is a constant independent of @ and r. For p = 1 and ¢ > 1, we denote by A4 the collection of
all weights w for which there exists a constant C > 0 such that for every (a, r) € R" x (0, 00),

( 1 . 1/q
S w(x) dx) < CllwllL=(B(a,
Bl Jar e

One may observe that w € A 4 if and only if w? € Ay/p 41 for1 < p < g < oo (see [9]). Moreover, we have the following
lemma.

Lemma 2.6 [39, Theorem 3.2.2]Let1 < p <gq <oo.Ifw € A, 4, thenw? € A, and w? € A,.

Definition 2.7 [3] Let 1 < p < ¢ < oo and p’ satisfies 1/p + 1/p’ = 1. The pair of weights (w1, w2) belongs to A, , if for
some C > 0 it holds for (a, r) € R” x Rt that

1 i 1 Y
e va— w2 (x)7dx _— wi(x) P dx <C.
[B(a, )| J@.r |B(a,r)| JB,r
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For p = 1, the pair of weights (w{, w) belongs to Ay 4 if there is a constant C > 0 such that

1 1/q
—_— wz(x)‘ldx> < Cllwillz=®B@.ry, (@ r)eR" xR,
(|B<a,r>| Bar) (Blarn

We rewrite the following results of Muckenhoupt [41] for the Hardy-Littlewood maximal operator M, Muckenhoupt and

Wheeden [42] for the Riesz potentials or the fractional integral operators I, Coifman and Fefferman [6], Garcia-Cuerva and
Rubio de Francia [18], and E. Sawyer [53] for the Calderon-Zgymund operators S on weighted Lebesgue spaces:

Theorem 2.8 [18] For 1 < p < oo, the Hardy-Littlewood maximal operator M is bounded on LP" if (and only if) w € A,.
Moreover, M is bounded from LYo wLlw ifwe Aj.

Theorem 2.9 [42]Let0 <a <n,1 < p <n/a,1/q=1/p —a/n, and w € A, 4. Then, the fractional integral operator I,
is bounded from LP*" 1o L9%". Moreover, if w € Ay p with1/q =1 —a/n, then 1y is bounded from LY so wLaw?,

Theorem 2.10 /6, 18, 53] For1 < p < 00, the Calderon-Zygmund operator S is bounded on LP*" whenever w € A,. Moreover,
S is bounded from LY 10 WL whenever w € Aj.

The three theorems will imply the boundedness of the three classical operators on generalized weighted Morrey spaces. The
boundedness properties of these operators shall be one of the implications of our results.

Let us now recall some basic definitions and facts for Orlicz functions needed for our results, particularly the boundedness for
sublinear operators generated by Calderén-Zygmund operator when p = 1. Related to Orlicz functions, we recall the definition
of Young functions.

Definition 2.11 A function ® : [0, co] — [0, o] is called a Young function if it is continuous, convex, and strictly increasing
with ®(0) = 0 and lim;_, o ®(r) = 0o. For a Young function ® and w € A, we define the Orlicz space L®™ to be the set of
all measurable functions f such that fR,, D k| f(»))w(y)dy is finite for some k > 0. The space L®" is a Banach space with

respect to the norm
lfllpow = inf{)\ >0: / 0] <|f§L7y)|> w(y)dy < 1] .

For a measurable subset  in R”, the space L®* () is defined to be the set of all functions f such that

1

Moreover, we denote by Ll(i’cw the set of all measurable functions f such that || f - xg(,r)ll v < oo for any ball B.

Given a Young function ®, we denote by ® the complementary Young function for ®. The following inequality holds for any
ball B in R” (see [48]).

1

@/E |f (g wx)dx <2 fllpowp “f”L‘va(B)- .1

An important example of Young function is @ () = #(1 + log™ t) where log™ t = max (0, log¢). Its complementary Young
function is ® = e’ — 1. This function will be used in this paper. If ®(¢) = (1 + log™ t), we write

I lLowgy = I ILiogLe @y, IF 1l awgy = If lexprecs)-

o,w

o,w
Moreover, f € Ly, means f € L.

definition, we have

(B) < oo for any ball B. Note that by the fact that t < ®(¢) for r > 0 and the above

1

1f s = /B SOl = w(B) - s

/Blf(X)lw(X)dX§ I f1lz10g L (B) 22

holds for any ball B.

We now present the definition of the generalized weighted Morrey spaces and the generalized weighted weak Morrey spaces
which will become the spaces of our interest in this article. We also define the generalized weighted Morrey spaces Log type.
The spaces will be used for boundedness of S, and S = Sy for the case p = 1. Moreover, we also introduce the generalized
weighted mixed-Morrey spaces.
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Definition 2.12 Let 1 < p < 0o, w € A, and ¥ be a positive function on R" x R™T. The generalized weighted Morrey space
/Vli’w is the set of all functions f € Lf;’cw such that
1 1

£l e = sup IfllLrv Ba.ry) < 00
My aeR" r>0 Ya,r) w(B(a,r))% a,r

Meanwhile, the generalized weighted weak Morrey space WMf;f’w is the set of all functions f € WLf;’Cw such that
1
I fllwaqw = sup | fllweewB@.ry) < oo.
WM‘/’ acR? r>0 '(/f(a,l") w(B(a,r))% a,r

Remark 2.13 There are some other variations of generalized weighted Morrey spaces and generalized weighted weak Morrey
spaces and their specific conditions, as well as their relations with some classical operators such as in [14-16, 43—45].

Definition 2.14 Let w € A; and v be a positive function defined on R” x R™. The generalized weighted weak Morrey space

of log-type M;logl"w is the set of all functions f € L]%’Cw such that

1
||f|| LlogL.w = sup 7||f||Llong(B(a,V)) < 0.
My acR",r>0 Ya,r)

Definition 2.15 Let 1 < p,q < oo, w € A, and ¥ be a positive function defined on R" x R*. Suppose that 7 > 0. The
generalized weighted mixed-Morrey space ./\/l?p’w o, T, /\/l(';’w) is the set of all functions f on R” x (0, T') such that

1 1

7
1 g7 aqpy = Sup (f 17 edt) " < .
v OTMe) aER(’(’),l;?)O Tﬁ(a,r)w(B(a,r))% (0.T)N(tg—rtg+7) My
te(0,

Meanwhile, the generalized weighted mixed-weak Morrey space quw o, T, WMg’w) is the set of all functions f onR" x (0, T')
such that
1

1 1 q
”f”Mq'w 0.7, WMLy = Sup </ G, t)”q p.wdt) < 0.
y OTWM™) aERE'dr;)O V@ r y(B(a, r))% 0.7)N (o —r to+7) WMy
10€(0,

Definition 2.16 Let I < p,q < oo, w € A, and the positive functions 1, ¢ which are defined on R" x R*. Suppose that
T > 0. The generalized weighted mixed-weak Morrey space Log type ./\/lg’w(O, T, Milog L’w) is the set of all functions f on

R™ x (0, T) such that

1 1

7
NI aw Lloglw, =  SUP (/ NFCONE L Lwdr) < 0.
My (O,T,M,/, ) aeR" r=0 (p(a, r) w(B(a, r))é (0, T)N(to—r10+7) MV/ g
10€(0,7)

Remark 2.17 The Definition 2.15 is generalization of Mixed-Morrey spaces as in [46]. It is easy to see that if N is any operator
such that
INFC Ol pgpee < CIFC DI pges [ e Myt € 0,7,
1

then N is also bounded from M™ (0, T, M "™ (Q)) to MJ"™2(0, T, MY ().

For a measurable subset Q2 of R”, write || f|| MV @) = If - xel MEY and we write similarly for the other type of Morrey

spaces. With the definitions, we shall investigate the boundedness of sublinear operators generated by Ries potentials as well as
those generated by Calderén-Zygmund operators on these spaces in the next section.

Next, we discuss the space of Bounded Mean Oscillation (BMO) functions, which serves as the symbol space for the commu-
tators investigated in this study. Recall that the space BM O = BM O (R") consists of all locally integrable functions b on R”
such that 1

bl := sup — ———n 1b(y) = bpanldy < oo,
@rernxr+ 1B@ )| Jpa.r)
where bp(, ) denotes the average value of b over the ball B(a, r), defined as bp(4,r) = m fB(a,r) b(y)dy.

To establish the boundedness of commutators, it is crucial to understand how the averages of a BMO function behave across
different scales. The following lemma provides a logarithmic estimate for the growth of these averages, which is instrumental
when dealing with the kernel of the operators.
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Lemma 2.18 [36] Let b € BM O. Then, there exists a positive constant C such that |bp.ry — bp@.r)] < C||bll«In % holds for
any 0 < 2r <tanda € R".

In many applications, particularly when involving weights from the Muckenhoupt classes, we require a stronger version of
the John-Nirenberg inequality. Lemma 2.19 generalizes the BMO property to L?" estimates, allowing for the comparison of b
with its average over balls of different radii.

Lemma2.19 [35]Let0 < p < 00, w € Axo, and b € BM O. Then, there exists a positive constant C > 0 such that for a € R"

andt,r > 0,
t
lnD.
r

As a direct consequence of Lemma 2.19, when the radii ¢ and r coincide, we obtain the following localized weighted estimate.
This corollary will also be a key tool for proving the boundedness of commutators in generalized weighted Morrey spaces.

1

(/B( )Ib(y) - bB(a,r)I”w(y)dy> ’ < ClIbll«w(B(a, t))% (1 +
a,t

Corollary 2.20 [55] Let 0 < p < 00, w € Ao, and b € BM O. Then, there exists a positive constant C > 0 such that for any
ball B on R",

(/B |b(y)—b3|"w(y>dy>" < Cllblw(B)?.

Furthermore, for results involving sharper endpoint estimates, we utilize the exponential integrability of BMO functions. The
following lemma characterizes this relationship under the A; weight condition.

Lemma 2.21 [59] Let w € Ay and b € BM O. Then, there is a constant C > 0 such that ||b — bg|lexp L» () < C|b||x holds for
any ball B on R".

We say that the commutator [b, Sy], generated by an operator S, and a BMO function b, is bounded from L?”%! to L9-"*2
whenever there exists a constant C > 0 such that ||[b, Sg]1f|lLaw2 < Clb|l«]l fllLpw1 for f € LP-"1. We shall use this notion
regarding the commutator.

Suppose that S, is bounded from L?"! to L2 or from LP-"! to W L9-"2 which satisfies Eq. 1.1 where w1 and w, are certain
weights on R". Since the operator S, is given only through the off—support estimate Eq. 1.1, it is not directly defined on functions
in the generalized weighted Morrey space and its other variations. For each ball B(a, r), we decompose f € Lﬁ)’cwl in the usual
way (see [17, 34, 49, 50, 57] for the case of sublinear operators, and [8, 21, 23, 28, 31, 32] for the case of linear operators):

f = f xBw@.2r + f XB@a,2r)c-

Under the assumption that Sy (f)(x) is well defined, by the sublinearity of Sy, we then have

1S (/YN < 1Sa(f xB@2r)) O+ 1Sa(f xB@2e) )], x € Bla,r) 23)

The local component belongs to L?-*1, while the global part is controlled precisely by the estimate Eq. 1.1. With this obser-
vation, the commutator [b, Sy ] is well defined from L”-*! to L9-"2 under some assumptions. As in [57], it is also defined on the
generalized weighted Morrey space, as stated in Theorem 1.1.

We next consider the operator 7, and its commutator on generalized weighted mixed-Morrey spaces. Let 7 > 0. Following
the same approach as in the context of generalized weighted Morrey spaces, we write

1T (f)x, O] < 1To(f xB@2r) @ O+ 1T (f XBw@2re)(x, DI, x € Bla,r),1 € (0,T),
see [46] for example. We say T, and [b, T, ] are bounded from L?-*1 to L9-"2 if there exists C > 0 such that
ITo ()G OllLave < CUFC OlILpwr,  feLP™,te(0,T)

and
116, T ()G OllLawe < Cllblll f G Ollpre,  f e L7t e (0,T).

Related to the weak-type, we say that T, is bounded from L?”-*! to W L?-"2 if there exists a constant C > 0 such that
ITe ()G Dllwrawe < CIFCOlLrm

forall f € LP"! and ¢t € (0, T). Such boundedness for certain operators is discussed in [46], building on results from [1, 5, 6].
We then end this section by providing some lemmas which will be used later.
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Lemma 2.22 Suppose that u1, uz, vi, and vy are positive functions on R* x RY and h : RT x Rt — R. Suppose that
g :R" x Rt — [0, 00) is increasing. If

0o )
sup 1 f h(t7r)1nft§v<oo ul(a;l)vl(a,l)ﬂ <C <
(@.r)eRr xR+ V2(a, 1) J; usr(a, 1)

and wn

sup _ 8@t 2.4)

(@.nekr xR+ U1(a, vi(a, 1)
then
gla, 1)

b dt
sup / h(t,ryuz(a, )" 'gla,n)— < Cvala,r) sup —— """,
(a,r)eR" xR+ Jr t (a,r)eRM xR+ ui(a,t)vi(a,t)

Proof We may see that the quantity inf,<j <o 1 (a, )vi(a, I) is always positive by the condition (2.4). Therefore, the assumptions
allow us to have that

o - dt
h(t,r)uz(a,t) g(a,t)T
o inf,</< , ,
_/ n(e, ry M=t oo ti(a, Dvi(a,l)

N inf; <00 1 (a, vy (a, 1)
/Ooh(t,r)inftfl<oo ul(a,l)vl(a,l) s 1 1 g
r uz(a,t) t<l<co U1(a, 1) via,l)

:/-ooh(t’r)inftskooul(a,l)vl(a,l)ﬂ . " g(a,t)
. us(a,t) ! (@nernxr+ Ui(a, vi(a, )

gla, 1)
< Cw(a,r) sup -
(@.nerr xR+ Ui(a, vi(a, 1)

dt
usr(a, 1) g(a, n—-

( l)dt
a,l)—
t

for (a,r) € R" x RT. This proves the lemma. ]

Lemma 2.23 Let w be aweighton R",0 <o <n, 1 < p <nj/a,and1/q =1/p—a/n.Let1 <s < pforl < p <n/a and
s = 1 for p = 1. Then,
_%J'_

1
L
r <wa(B(a,r) 7wy lLrsio-o(pary, (@ r)€ R” x RF,

forl < p <n/a, and

—24 1 —1 n +
roe < wa(Bla, r)lwy lLeB@ry, (a,r) € R x RT.

Proof First, suppose that 1 < p < co. Since p < g and p’ < s/(p — s), by Holder’s inequality, we obtain that

1 1

l=—— dx = ———
|B(a,r)| JB,r [B(a, )| JB,r
1

1
1 / » » _p ¥
<1 w (y)dy) ( f w (y)dy)
Bl(a,r)| < B(a,r) 2 Bla.r) 2
1
1 » G 1 _y
<|—— w (y)dy> (7 wy ? (y)dy>
(B|(a,r>| Bar) Bl(a, M| Jp@r *

p—Ss

ps

=\ w,H(y)ay - w y)ay s
Bl(a,")| Jp@r > Bl@a, ") Jp@r >

wa(y) - wa(y) " 'dy

L
I

which implies that
1

1 1 1
T PR
[B(a,r)|e"s » <wy(B(a,r))4 ||w2 ”Lm/(p—s)(B(a,r))

and
1 1 1
*s <wy(B(a,r))q ||w2 ||LP~¥/(IJ—.\‘)(B(QJ)), (a,r) e R" x R*.

_a
r n
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For p = 1, we have

1 1
= B0 = T U 20 195 im0
|
S ( / wz(y>‘fdy>a w5 =By,

Bl(a,r)| \JB@,r '
and so .

rot < wiBa, ) llwy s ary, (@) € R x RY,
which completes the proof of the lemma. O

Proof of Theorem 1.2-1.5

The estimates given in Egs. 1.1 and 1.4 play a central role throughout this paper. Consequently, in the proofs of our main
theorems in this section and the "Proof of Theorem 1.6-1.8 and Theorem 1.10-1.12” section, we must first verify that the right-
hand sides of these estimates are finite for any function f belonging to generalized weighted Morrey spaces in the hypothesis.
This initial verification is particularly crucial when estimating the terms Sy (f>) and S, ((b — bp) f2) over aball B C R”".

The primary focus of this section is to establish the boundedness of sublinear operators generated by Riesz potentials, as well
as their commutators with BMO functions, on generalized weighted Morrey spaces with different weights (namely Theorems 1.2,
1.4, 1.3, and 1.5). Before proceeding to the proofs of these main results, we first establish the following preliminary estimates.

Proposition3.1 Let0 <o <n,1 < p <n/a,1/qg =1/p —a/n, (W], w]) € Apsq/s, and wi € Aps 475, where1 <s < p
forl < p <n/aands =1 for p = 1. If Sy is bounded from LPwl o L43 for1 < p < n/a and from L"™! to WLq’wg, then

P
there exists a constant C > 0 such that for every (a,r) € R" x RT and f € Llpo’cw1 s

q T -1 dr
||Saf||L,,_,,,g(B(a7r)) < Ciw,(B(a,r))4 i w3 (B(a, 1) 4 ||f||L,,_“,{’B(aJ) o 3.1
forl < p <n/a, and
q Lfee _1 dt
”Saf”WLq'wg (B(a,r)) =< C2w2 (B(a, r))q ; Wy (B(a» t)) 4 ”f”L]'“’lB(a,t)T (32)

Remark 3.2 We shall see later in the proof of Theorem 1.2 that the right-hand side of Egs.3.1 and 3.2 is finite if f belongs to
some generalized weighted Morrey spaces under some assumptions.

Proof (Proof of Proposition 3.1) Given a € R" and r > 0, we decompose f as f := fi + f» where fi := f - xp,2r). Note
that f1 € LPwi, Now, since S, is bounded from L2 to L3 and from L' to wLaw

Il See f1 1 y = I See f1 1 =CIAl, pup = CILI

4 4 P
LY"2 (B(a,r L9"2 LP”"1 (B(a,2r))

forl < p <n/a, and

1Sa fil < 1Safilly g < ClANL = CI g (50 20y

a4
WL"2 (B(a,r)
Thus, by Lemma 2.23 and the assumption that w3 € Ap /s 4/s for 1 < p < n/a, we have

00

n t
p =Crs ¢ w 3 4
”f”Lp,w{ (Ba.2r) r IA N Lo (Ba.2ry) /2]_ n/s—a+1

Loy o0 dt
= ng(B(a, )Wy M psio-9 (Ba,ry) , ”f”LP’"’p(B(aJ))tn/sT-i-l
r

1 [ dt
—1

< Cus (Bla.n)? /2 I Lo pamp W Lesio-9 B, mrs—art

r

q L[ q _ldt
= Cw2 (B(a,r))¢ 5 ||f||L[l.wp(B(a7t))w2 (B(a,t)) ¢ 7
r
Hence,

1 0 1 dt
<l 1 q -Llar
||Saf1||Lq_wg(B(g,r)) < Cwj(B(a,r))t /;r ||f||Lp_w{'(B(a’t))w2 (B(a, 1)) @ ;
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forl < p <n/a, and

oo

1 _1
=< ng(B(a,r))‘f/; IIfIILl,wl(B(a,,))wg(B(a,t)) 17—

r

[l See 11

L9"3 (B(a.r))

Next, we consider S (f2). Based on the previous remark, at this moment we may assume that the right-hand side of Egs. 3.1
and 3.2 is finite. We thus need to check that the right-hand side of Eq. 1.1 is also finite using this assumption. If we achieve this,
we may use Eq. 1.1 in estimating Sy (f2).

Suppose first that 1 < s < p < n/a. Then, Holder’s inequality implies

1 1
( / |f(y)|sdy>s = ( / |f(y>|Sw1(y)Sw1<y)—de)x
B(a,2k+1r) B(a,2k+1r)

= £l

—1
LP~"’f<B(a,zk+lr))”w1 Wpsio-5(B(a,26+1r))-

Hence, by the assumption (w], w3) € A, /s /s, We obtain that

1

L (/ If(y)lsdy>s
|B(a, 2k+1r)| B(a,2%t1r)

k=1

k+1 s -1
<C Z (2 ) ”f”Lp‘“’f(B(a,Zk‘*'lr)) ||w1 ”LPJ/(P—S)(B(anHr))

2k+2,

dt
—1
=C Z/ ”f“L""wf(B(a,t))”wl ”LPS/W_S)(B((”))W
q i
S R (T
Thus, the right side of the inequality Eq. 1.1 is finite. Consequently, we have:
[Se f2(x)| < sup |Soz (f : XB(a,Zr)C) (x)‘
xeB(a,r)
00 . 1/s
<C) @ty it ( / If(y)lsdy>
k=1 B(a,2k+1r)

o0
<C B(a,t
o T N (O

for x € B(a, r) and we obtain

A < Cul(B(a. )1 /°° wi(Ba. )+ 2

2r

IIfIILp,w{’(B(a,t))

L9 (B(a.r))

for]l < p <n/a.Next,forp=s=1

Xd ' < W u)_l 00 .
(/B(a,zk“r) [f ("] )’) <\ flpe 1(B(a,2k+lr))|| s (B(a,2k+1r))
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Therefore,
i ! / [f"d
I —— yay
= |B(a, 281 )70 Jpa2kn
> 1
=C Z ——————— I fllL 1w g, 2k+1r))||w1 oo (B(a,2%+1r))

1 1B(a, 251y

o0
k1 \¥ 4
= CZ (2 + r) ”f”Ll,wl(B(a’2k+lr))||w1 ||L°°(B(a,2k+1r))

—CZ/

L dt
< C/; ||f||L1w1(B(a ,))wz(B(a 1) "T .
r

2k+2,

w1, oot St a2t 107 oo (B 2641

Hence, the right side of the inequality Eq. 1.1 is finite for p = 1.
We thus have
I Se 2]

= 1S 2l

WLq'wg (B(a,r)) Lq‘wg (B(a,r))

q 1 [o° q _1dt
< Cw,(B(a,r))1 , ||f||L1-W1(B(g,;))wz(B(a, ) ¢ P
r

By Eq.2.3, we obtain

1 [ _1 dt
- q q , at
IISafIIL,,,wg By = Cwi(B(a,r))4 /r w3 (B(a, 1)) 4 ”f”u”w{ .
forl < p < n/a, and
L[> 1 dt
< 4 B q 4 B B w —
1SS Nyt gy < CUS(BG@. ) / w§ (B D) 0 f o b
as desired. |

Proposition3.3 Let0 <a <n,1 < p <n/a,1/qg =1/p —a/n, (W], w3) € Ap/sq/s and w3 € Aps 475 where 1 <5 < p,

and wy € Ax. If b, Sy] is bounded from LPY fo L‘””g, then there exists a constant C > 0 such that for every (a,r) € R* x Rt
p.wf

and f € L, 1,

loc

q L Y ¢ _1 dt
1o, Sa]f||Lq,wg( < Clibllsw; (B(a,r))4 /r I+In=Jwy (Ba, 1) ||f||Lp,wa(a7t) ; (3.3)

B(a,r))

Remark 3.4 We shall see in the proof of Theorem 1.3 that the right-hand side of Eq. 3.3 is finite if f belongs to some generalized
weighted Morrey spaces under some conditions.

P
Proof of Proposition 3.3 Leta € R" andr > 0,and we represent the function f € Llpo'cwl as f = fi+ fowhere f1 := f-xB@,2r)-
Since f] € LP*1 and [b, Sq] is bounded from LPY to Lq*’”g, we find that

b, Sl fill =, Sl fill g = CIOIAAN ,0p = CHOINFI

g P
LY"2 (B(a,r)) LP"1 (B(a,2r))

and by Lemma 2.23 as in Proposition 3.1,

b, Self1ll SCIIbII*wZ(B(a,r))%/ A1l

2r

id
wl(B(a. 1)) 3% (3.4)

L9 (B(a,r)) L""”f(B(a,t))

For f>, from Eq. 1.2 and by the sublinearity of Sy, we then have that

6, Sal f2(0)] = Clb(x) = ba,n|1Sa(f2) ()| + 1Sa((BB@a,r) — DY NX)] := Ji(x) + J2(x),
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for x € B(a, r) where J;(x) makes sense if the right-hand side of Eq. 1.1 is finite and J>(x) makes sense if the right-hand side
of the inequality:
sup |Soz ((bB(a,r) - b)(f) . XB(a.Zr)C) (x)|

x€B(a,r)
00 ) 1/s (3.5
<Cy @yt ( f (b(y) — bma,r))f(ywdy)
B(a,2k+1r)

k=1

is also finite. Based on the previous remark, we may assume that the right-hand side of Eq. 3.3 is finite. Hence, as in Proposition
3.1, we have that the right-hand side of Eq. 1.1 for f> is finite. Moreover,

o _1drt
q
Ji(x) < Clb(x) — bpa.rl /2r ||f||L,,,w]ﬂ(B(ayt))w2 (B(a, 1)) 4 oxe B(a,r).

Since wj € Ap/s,q/5» We have that wg € Ay/s and by Lemma 2.20, it follows that

dt

I | = Cllbllud (B, 1) f 10 wf(Bla, )1 (3.6)

K P
L2 (B(a,r) 2 1 (B(a,n)

Next, we shall see that the right-hand side of Eq. 3.5 is finite by showing that it is bounded by the right-hand side of Eq.3.3.
Using Holder’s inequality, we first deduce that

(/ [b(y) — bB(a,r))f()’)|sdy>
B(a,2k+1r)

—1
< —
= ”f”L"'"’f (B(a.2k+1r)) H (b =bpan)w ‘ LPs/ (=) (B(a,2¢+1r))
Thus, by the assumption w; € Ao and (w7}, w3) € Ap/s, 4/, the last inequality, and Lemma 2.23, we have
s 5
DA ( / (b(y) — bw,r))f(y)vdy)
k=1 B(a,2k+1r)

dt

o
< b—b s S —
- C/z N ot a1 O OB g ) g

r

<cf” bl (14105 (w, 7 8 e
<C LI g gy Bl (T I ) (0 7 (Bla ) )y

r

<cil [ (1+m! 4 Ba. 1)+ “
< Clbll [ (14 YIS0 g e S Bla )5

2r

Hence, the right-hand side of Eq. 3.5 is finite, as claimed. Further, we get

L) < sup S (BBar) — B - XBa2ry) )]

x€B(a,r)

o0
< CZ(zk-‘rlr)—%-‘ra (/
k=1 B

<cmwl [ (14m’ 1By + 4
< Clbll [ (1) 1A ap oS Bl 0

2r

s

|(b(y) — bB(a.r))f(y)|sdy>

(a,2k+lr)

for x € B(a, r). It follows that

q L r q ~ldt
||12||Lq_wg(3(a’r)) < Cwj(B(a,r))7 /2r 1 +1In ;. ”f”L’”’“’f(B(a,z))wz (B(a, 1)) ¢ p 3.7
By combining Egs. 3.6 and 3.7, we then obtain
b, s < ClolwtB@mi [ (14m" 1(B(a, 1) L 3.8
106 Sal 2l ot i, S COBId Bt | (Tt VIS gy, (Bl )77 5 (3.8)

Now Egs. 3.4 and 3.8 imply Eq. 3.3 which proves the proposition. O

Now, we are ready to prove Theorem 1.2, Theorem 1.3, Theorem 1.4, and Theorem 1.5.
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Proof of Theorem 1.2 We set h(t,r) = 1for (t,7) € Rt x RT and

ui(a,r) =wl(Ba,r)r, vila,r)=yi(x,r)
7, wva,r)=1y2a,r)

for (x, r) € R” x Rt and use Lemma 2.22 to have the following inequality for (x, r) € R? x R*:

uz(a,r) = w2 (B(a,r))a,

dt
/ w§B@.0) N g )5 = CU g

Wz(a r) My,
By Proposition 3.1, assumptions, and the last inequality, we obtain that
1 1
I1Se fII \ jgws = sup I1Sec FII g
M?/IZ (a,r)eR" xR+ ¢2(a, r) Q(B(a V))é “ L""2 (B(a,r))
1 dt
<C wd(B(a, 1) 4 P —
=C. r)ERnXW 1/fz(a D wy (B@, 1) CIfI puf Bar) T
=CIfIl pwr
My
for 1 < p < n/a. Meanwhile,
1 1
I Ser £l W = Sup Sa Sl g
* WM(;,.Z 2 @nernxr+ ¥2(a, 1) q(B(a r))ql WLt (Bar)
_1 dt
=C w3 (B(a, )" fll prwsam
(@ eRIR T 1//2(61 Nt " ey
<C .
< CI Sl
This proves the theorem. o

Proof of Theorem 1.3 We use a similar argument in the proof of Theorem 1.2. We use 2.22 by first setting a(¢, r) = 1 +In(¢/r)
for (t,7) e Rt x R and

ui(a,r) =wl(Ba,r)r, vilx,r)=yi(a,r)
7, v, r)=1ya,r)

for (x,r) € R" x RT. The choices of functions allow us to have the following inequality for (x,r) € R x Rt:

ur(a,r) = w2 (B(a,r))a,

00 t 1
1+In-)wi(Ba, 1) 4 )
o [ ()@ T, 5O et
By Proposition 3.3, assumptions, and the last inequality, we obtain that
1 1
b, SelfNl yue = sup (b, Sl f1I 40
¢ Mz,zz (a,r)eR? xR+ Ya(a, r) q(B(a r))é “ L""2(B(a.r))

<C sup
(a, r)e]R”x]RJr 102(“ r)
<CIFI -
Mm

<1+1n 7) wd(B@.0) F IS,

t
i (B(a,r)) t

This proves the theorem. o

Proof of Theorem 1.4 One may replace f(-) by f(-, t) as well as S, by T, in Proposition 3.1 to obtain

P
ITaf GO yug S CUFCON pups S €M™
My, 11/1

where C > 0 is independent of 7. Therefore, by Definition 2.15 and Remark 2.17, we have the desired results of 7, on generalized
weighted mixed-morrey spaces. O
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Proof of Theorem 1.5 One may replace f(-) by f(-, t) as well as S, by T, in Proposition 3.3, and obtain

P
b Tl fCDN g < CUBINS DN g f € i

V2 121

where C > 0 is independent of . The conclusion then follows from Definition 2.15 and Remark 2.17. O

Proof of Theorem 1.6-1.8 and Theorem 1.10-1.12

We prove the boundedness for sublinear operators S generated by Calderdon-Zymgund operators on generalized weighted
Morrey spaces and generalized weighted weak Morrey spaces. In addition, we prove the boundedness for the commutator of the
operator with BMO functions on generalized weighted Morrey spaces.

Proposition 4.1 Let 1 < p < oo and (wy, wp), wy € Apss, wherel < s < pforl < p <ooands =1forp =1.1IfSis
bounded from LP"1 to LP-"2 for 1 < p < oo and from L1 to W L2, then there exists a constant C > 0 such that for every
(a,r) e R* xRt and f € e

loc

1 [ _1 dt
I1SfllLrw2(Ba,ry) < Crwa(B(a,r))? / wa(B(a,t)) » ||f||L1’-"’lB(a,z)7» “4.1)
r

for1l < p < oo, and
dt

00
||Sf||WL1,w2(B(a,r)) < Cowy(B(a,r)) / w2 (B(a, l))_l ||f||L1»w13(a,[)7- 4.2)
r

Remark 4.2 We shall see in the proof of Theorem 1.6 that the right-hand side of Eqs.4.1 and 4.2 is finite if f belongs to some
generalized weighted Morrey spaces under some assumptions.

Proof Leta € R" and r > 0, and we write f := f1 + f> where fi := f - xB(a,2r)- Since S is bounded from L”-"! to L?-*? and
from L1 to WLLw2,

ISfillLrw2B@ryy < 1SfillLrws < Cll fillLrwr = Cll fllLewt (Ba,2r))

for1 < p < oo and
||Sfl||Wlew2(B(a,r)) =< ||Sfl||L1-w2 =< C”fl”lew] = C”f”le“’l(B(a.zr))'

Thus, by Lemma 2.23 and the assumption that w, € A, /s, we have

n © dt
I fllLrer @2y = CrelLf e Bea,2ry) Srye)

1 -1 o0 dt
< Cwa(B(a, ) ? lwy l Losio-9 (Ba.ry) Il (B@.) TarsiT
2r

L[ _ dt
< sz(lf?(a,r))p/2 ”f”Ll’*"’l(B(a,t))”wz1||LPS/(P*X>(B(a,t))W
r
L[> _1dt
< sz(B(fl,V))”/2 Il fllLrwt (B@a,nyw2(B(a,t)) T
r
Hence,
L[> _1dt
ISfillLrw2(Ba,ryy < Cwa(B(a,r))? / | fllLrwr (B@,nywa(Bla,t)) » " 4.3)
2r
for 1 < p < o0, and
o0 _dt
IS f1 ||WL1'“’2(B(a,r)) < w(B(a,r)) . ||f||L1~1”1(B(a,l))WZ(B(as 1)) T 4.4
r

In view of the previous remark, we may assume the finiteness of the right-hand sides of Eqs. 4.1 and 4.2. Thus, we obtain the
estimate Eq. 1.4, provided its right-hand side is finite. First, consider the case where 1 < p < coand 1 < s < p. Then, Holder’s
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inequality implies that

( / If(y)lsdy>s - ( / |f<y)|sw1<y>%w1<y>*%dy>
B(a,2k+1r) B(a,2kt1r)

(/Ig(a%lr) (F0I)* (w17 )? )(;)(.
: </lf?(a,zkﬂr) (w'(y)ii)ﬁ dy>(ppx>(;)

_1
= 1 fllzpar (B(a,2t+1ry) Wy ! ||Lps/(pf:>(3(a,2k+lr))-

IA

Hence, by the assumption (w1, w2) € Ap/s, We obtain

Z (|B(a 2k+1r)| B(a,2k+1r) |f(y)|dy>

k=1
00 2k+2) dt 1
=) /m el A PR EICR A lwy 7l osio-o3a, 241y
2%+ 1y
k=1
00 kt2, 1 d
-1 t
= CZ/ 1A e By lwy N prsio=s By a7
=1 2k+1, ts

o _1dt
< Cf 1SNt (B@a,nyw2(B(a, 1)) T

2r
Thus, the right-hand side of inequality Eq. 1.4 is finite and 1.4 valid for 1 <s < p < oo. Moreover,

o0

1 _1dt
ISl w2 (Ba.ry) < Cwa(B(a,r))? / | flLrwt (B, w2 (Bla,t)) » e 4.5)

2r

Next, for the case where p = 1 and s = 1, we have

1
Sd ' < W w71 k .
</B(a,2k+1r) [fD)] y) = ”f”Ll 1(B(a,2kt1r)) I 1 ||L°°(B(a,2 +1r))

and
= 1
-1
,; 1B 2] Sy ey O SCZiBm,zkHrn”f It o 2ratry 191 laomiaziny

2k+2,
-1
=C Z/ i tn+1 NFN s o arrtmp W oo (B, 26411y
2k+2, dt
-1
= CZ/ ||f||L1~w1(B(a,t))||w1 ||L°°(B(a,t))tnﬁ
L dt
=C ||f||L1,w,(B(ayt))wz(B(a, D
2r
Hence, the estimate Eq. 1.4 is also valid for p = s = 1 since its right-hand side is finite. In addition,

ISt WL'2 (B(a,r)) = ||S0tf2||L'~“’2(B(a,r))

© _,dt (4.6)
< Cwa(B(a,r)) ||f||L1,w1(B(u’,))wz(B(a,t)) Fa
2r

Therefore, by Eqs. 4.3, 4.4, 4.5, 4.6, we obtain Eq.4.1 and this proves the proposition. O
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Proposition4.3 Let 1 < p < oo, (wy,w2) € Ay and wy € Apjg where 1 < s < p, and wy € Axo. If S is bounded from
LP-%1 to LP-W2 then there exists a constant C > 0 such that

D t _1 dt
b, S1f lLrw2(B@a,ry) < Cllbllxw2(B(a,r))? / (1 +1In ;) w2 (B(a, 1)) | fllLrwi B, e 4.7)
r

forany (a,r) e R" x Rt and f € LD,

loc

Remark 4.4 We shall see in the proof of Theorem 1.7 that the right-hand side of Eq.4.7 is finite if f belongs to some generalized
weighted Morrey spaces under some assumptions.

Proof of Proposition 4.3 Leta € R" andr > 0,and we represent the function f € Llpo’cw1 as f 1= fi+ fowhere fi := f-XB(a,2)-
Since [b, S] is bounded from L?-"! to LP"2, then

b, STAillLrw2 Bia,ryy < Wb, S1fillLrwr < ClbNsll fillrwr = ClUbNI fllLrv1 (Ba,2r))
and Lemma 2.23 implies that

o0

1 _1dt
b, S1fillLrw2(Ba,ry) < C||b||*w2(B(a,r))”/ | fllLrwt (Ba,ryw2(B(a,t)) T 4.8)

2r

On the other hand, we have the estimate

b, S1f2(0)] = Clb(x) = bp@.nIS(f2) ()| + [S((bB@.r) — b)(2)(x)] := Cli(x) + Cl(x)

for x € B(a, r) whenever /;(x) and I>(x) make senses. Note that /1 (x) makes sense provided the right-hand side of Eq. 1.4 is
finite and /> (x) makes sense provided the right-hand side of

o0 1/s
sup  [S (BB = D)(f) - XBaary) ()] = C Y @Fr)~5 ( /B iy EO bB(a,n)f(y)lsdy) (4.9)

xeB(a,r) k=1

is also finite. For /1 (x), as in proof of the previous proposition, we obtain that the right-hand side of Eq. 1.4 is finite and

© _1dt
Ii(x) < Clb(x) — bB(a,r)I/ | fllLrwt (B, w2 (Bla,t)) » e
2r

The assumption wj € A/, implies wy € A, and by Lemma 2.20, it follows that

oo

1 _1dt
11l zrw2(B(a,ry) < Clbllswa(B(a,r))? / Il fllLrwr (Ba,nywa(B(a,t)) "7 4.10)

2r

For I(x), we first note that Holder’s inequality implies

s

1

( f b(y) — bB(a,r))f(y)lsd)’)
B(a,2k+1r)

< C||f||Lp'wl(B(a,2k+lr)) H (b - bB(a,r))wl p

LPs/(p=5) (B(a,2k+1r))
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Thus, by the assumption that wi € A, Lemma 2.20, and Lemma 2.23,

Z(2k+1r)7% </
k=1 B

I(b(y) — bB(a,r))f(y)de)

(a,2k+1r)
o0 2k+2r d[ 1
J— W —_— P S
= C]; /2 e el lero s 16 = baamwy T
00 H dt
<C w b—0> w s
< /2r Il F 1P (B, lIC B(a.r)W{ ”L;’%(B(a,t)) pro}
o s s odr
<C I fllLew1 (Ba.ry) 1b(y) = bparn|P=wi(y) »=dy prm
2r B(a,1) ?
p—s
o t -5 s dt
= szr | flLrwr (B, 1D« (1 +1In ;) <w1 "™ (B(a, t))) presy
—cile [ (14m’ -l a
= Pl 2 n o ler @@ llwr s g, o) 7=atnr

o0 t _1dt
< C|Ib]l« I+1In - | fllLrwr (B@,nyw2(Bla,t)) » "

2r

which follows that the right-hand side of Eq.4.9 is finite. Moreover,

o0

hx) < cnbu*/

2r

t _1dt
(1 +1In ;) I fllzrwt (B, yw2(Bla,t)) » - *E€ B(a,r).

Hence,

© t _1dt
12 pw2 (B(a,ry) < Cw2(B(a, V))/Z <1 +1In ;) | fllzrwt (B, w2 (Bla,t)) » - (4.1
r

By combining Eqs.4.10 and 4.11, we then obtain

o0

1D, S1fall w2 sary < Clbls f

2r

4 _idt
<1 +In ;) | flliLpwr Ba,nyw2(B(a, ) » " 4.12)

Finally, Eqs. 4.8 and 4.12 yield that

o0

1B S1F lrvz ) < Clblle f

2r

t _idt
I +1In - | fllLrwt (B, w2 (B(a,t)) » "
which proves the proposition. o

The argument concerning S(f2) and S((bp,r) — b) f>) in the following proposition may be handled in the same way in
Proposition 4.3, and we omit the details here.

Proposition 4.5 Let (wy, w2) € Ay, wo € Ay, and wy € Aco. If S satisfies Eq. 1.11, then there exists a constant C > 0 such
that for any o > 0, (a,r) € R" x R, and f,

wiB(a,t) dt
Llog L¥1 (B(a,t)) wy(B(a, 1) t

B, SICH 1w, < Collbllswa(B(a, r)) (1 +In E) H‘D (ﬂ)

2r r o

Proof Leta € R" and r > 0, and we represent the function f as f := f| + f> where fi := f - xB(a.2-)- We then have that

w({x € B(a,r) : [[b, SI(fHx)| > o)) <w ({x € Bla,r) :[b, SI(fY(X)| > %}) +

w({xeB@n: b )WI= T]) =+
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Since S satisfies Eq. 1.11, by Eq.2.1 and Lemma 2.23, we have that

M < C/ ) (@) wi(x)dx < Cf () (@) wi(x)dx

p C/ d><2|fl(y)|>w1(x)dx
B(a,2r) o

* | f] _dt

< Cwz(B(a,?2r)) D — wa(B(a, 1)) —
2r o Ll'w(B(a.t)) 1

o B(a,t) dt

< Cun(B(a.r) ‘cb (Lf') wiBa.1) di
2r 0 JllL1og Lo (B(a,ryy W2(Bla, 1)) 1

Hence,
wiB(a,t) dt

Llog LV (Ba,ry W2(B(a, 1)) 1~

11

o

)

00
1D, S1f1 ”WLI'“’Z(B(a,r)) < Co||bllsw2(B(a, r))/ Hq) < (4.13)
2r

By the sublinearity,
wy ({x € B@n 1. SIH@) > )

= wz (fx € Ba.n : b = bpan] - 1S > %})

+ s ({x € B 15(Gsan =)@ > T)) = Mi + v,

Note that as in Theorem 4.1, by the fact that t < ®(¢) and Eq.2.2, we have

oo

1
P 2541 B(a, r)| Ja+1par)

f

f0)

o

dy

1
—I1S(2W)=C
o

For M{, the last inequality implies that

;1
M| < —
o

o

o
o

f

(o2

)

1/l

o

L1 (B(a,1)

)

wa(B(a, r))”?

_dt
wa(B(a, 1) ' —
Ll-“’(B(a,t)) t
wiB(a,t) dt

Liog L (B(ary W2(B(a, 1) 1

/B( : |b(x) = bp@a.rl-|S(f2)(x)|wz(x)dx

<C (f [D(x) — bB(a,r)|w2(x)dx>
B(a,r)

1/l

(o2

S, e

)

w1 B(a,t) dt

Liog L" (B(a,r)) W2(B(a,1)) t

wiB(a,t) dt
Llog L*1 (B(a.t)) w2(B(a, 1)) t

11

< cnbn*wz(B(a,r))/
2r o

*(7)
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For Mé, by the assumption (wy, wy) € A, we have

1
M; < C*/ [S((BB,r)y — b) f2)(x)|wa(x)dx
o B(a,r)
> 1

1
= wz(B(a,r)); E |
k

YR w— b,y —b d
— 2k+1B(a, r)| 2k+lB(a,r)|( B(a,r) (X)) f(x)\dy

[ - dt
= Cw2(3(“v’));/2 1B B@r =B Fll Lt (g, llw; 1||L°°<B<a,t>>t,,ﬁ

r

< sz(B(a,r))/ wa(B(a, ;))—1%
2r

‘(bB(a,r) - b)i
o

L1 (B(a,1))

o0 d
< sz(B(a,r))/z H (bBa,n — b)i w2 (B(a, t))_17t

(o2

L"1(B(a,1))

* S
+ Cwa(B(a, r))f H (bB@.ry —bB@a,n)—
2r

wr(Bla, )L
g t

LY (B(a,1))
= Mé/+M£N

By Eq.2.1 and Lemma 2.21, we obtain

M} < Cwy(B(a,r)) - HQD (m)

2r (e}

Llog L"1(B(a,t))
wiB(a,t) dt
exp LL(B(@.D) yy(B(a, 1)) t

= C||b||*w2(B(a,r))/; Hq> (@)

X ||b = b

wiB(a,t) dt

0 JllL1og Lo (B(a,ryy W2(Bla, 1)) 1 '

For M}, by the fact 1 < ®(¢) and Lemma 2.18, we get

o0

My" = wi(B(a,r)) : (bB(a.r) — bB@a,n) HCD <m>

o

< Clbllaws(B(a, 1)) /°° (m £> Hq’ <m>
2r r o

wa(B(a, ,))_1?

L1 (B(a,1)
wiB(a,t) dt
Llog L™1 (B(a,t)) w2(B(a, 1)) t

Hence,
o0 t B(a,t) dt
Mj < Cllbll*wz(B(a,r))/ (1 +in 7> Hq> <m> ‘B0 dt
2r r o /i 10g L7 (B(a,ryy W2(Bla, 1)) t
Therefore,
o
ws ([ € B@n 18, 1001 > )
© t B(a,t) dt
< Cllbll,w2(B(a, r)) <1 +In 7) Hep <@) wiBla. 1) dt
2r r o Llog L™1(B(a,t)) wa(B(a, 1)) t
and

16, SID N prwn < CUIIbII*wz(B(a,r))/2 (1 +1In ;)
e (2)
o

115, S) )y pros < Collbllwa(Bla, r))/2 (1 ‘I ;) H(b <ﬂ)

wiB(a.t) d (4.14)

Llog LV (B(a,)) W2(B(a, 1)) t '

By combining Eqs. 4.13 and 4.14, we obtain that

wiB(a,t) dt

o Llog L1 (B(a,t)) w2 (B(a, 1)) t

and this proves the proposition. O
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We omit the proof of Theorem 1.6 and Theorem 1.7 since those are very similar to Theorem 1.2 and Theorem 1.3. We shall
prove Theorem 1.8, Theorem 1.10, Theorem 1.11, and Theorem 1.12.

Proof of Theorem 1.8 We set h(t,r) = 1 +1In(¢/r) for (¢,r) € R* x RT and
wi(B(a,r))

w2(B(a,r))’
uz(a,r) =1, va(a,r) =yn(a,r)

ui(a,ry=

vi(a,r) = vi(a,r)

for (a,r) € R" x R™. By Lemma 2.22, the following inequality

i f, (=) |+() (7))
Wz(a,r) 2r r g o MillogL.wl

holds for (a, r) € R" x RY. Proposition 4.5, assumptions, and the last inequality then imply that

i |
I S1 My gz = - sup 115, S17 e
WM‘I/Z 2 (a,r)eR" xR+ wz(él, r) wz(B(a, I’))% WL %2(B(a,r))

wiB(a,t) dt
Llog L™1 (B(a,t)) w2(B(a, 1)) t

< Cl1bll«

1 o t
< Col|b|« sup 1+1In-
(mr)eR”x]R‘*’ Wz(a, r) 2r r

J+(2)
(9

x inf Yy(a,s)
<5§<00

wiB(a,t) dt
Lilog L" (B(a,ry) W2(B(a, 1)) t

! /00 (1 +1 t)
sup n-—
M;:ogL.wl (a,r)ER”XR+ wz(a, r) r r

w(B(a, ) dr
wor(B(a,t)) t

og L,w
o MW} 1

and this proves the theorem. O

= Co|bll«

t

= Callbll

Proof of Theorem 1.10 f(-) may be replaced by f (-, ) as well as S by Tj in Proposition 4.1 to obtain
1Tof G0l g vz = CIBIILSC O ygpon s f € My,

where C > Oisindependentof?and 1 < p < oo.The theorem about the boundedness of S on generalized weighted mixed-Morrey
spaces follows from Definition 2.15 and Remark 2.17. O

Proof of Theorem 1.11 f(-) may be replaced by f (-, t) as well as S by Ty in Proposition 4.3 to obtain that
(b, To]f(-,t)llM%"z < Cllbll*llf(nt)IIMZIUf*l, femyp™,

where C > 0 is independent of r and 1 < p < oo. Then, Definition 2.15 and Remark 2.17 imply the result. O
Proof of Theorem 1.12 f(-) may be replaced by f (-, t) in Theorem 4.5 to obtain

[ <M> wi(x)dx,
o

where C > 0 is independent of 7. By Definition 2.15 and Remark 2.17, we obtain the desired results about the boundedness of
the commutator generated by S and b on generalized weighted mixed-Morrey spaces in the case p = 1. O

wa({x € R" : |[b, Tol(f)(x, )| > o}) < C/

Rn

Applications to other operators

Fractional integrals related to operators with Gaussian kernel bounds, fractional operators with rough kernels, and
fractional maximal operators with rough kernels

We provide the applications of our results related to sublinear operator generated by fractional integral (Theorem 1.2, Theorem
1.3, Theorem 1.4, and Theorem 1.5) for some other operators particularly fractional integrals and fractional maximal operators,
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ie., L7? 8q., and Mg . First, we recall the definition and basic results of the operators. Let L be a linear operator on L?
which generates an analytic semigroup exp(—¢L) with a kernel p;(x, y) satisfying

1 v —yl?
|Pt(X,Y)|§Ct”/zexp<—c ; ; x,yeR" >0

For 0 < « < n, the fractional power L~%/" of the operator L is defined by

0 d
L*“/z(f)(x) = /(; eXp(—tL)(f)(x)ﬂ%'

T(a/2)

~/2 and its commutator are bounded on weighted Lebesgue spaces, as stated in the following

Recall that the operator L
theorem.

Theorem 5.1 [2] L~%/2 and its commutator [b, L~*/*] where b € BM O is bounded from Lrw o L4W! forl < p <nja
and1/qg =1/p —a/n.

Next, suppose that S"~! is the unit sphere in R” where n > 2 equipped with the normalized Lebesgue measure do. Let
Q e L* (S"!) be homogeneous of degree zero where s’ > 1. For 0 < a < n, the fractional integrals with rough kernel 2 is
defined by

Q
So.a(f)(x) = / iij fx—y)dy.
re |yl

For Mg 4, suppose that 0 < o < nand Q € LY (S" 1) is homogeneous of degree zero where s’ > 1. The fractional maximal
operator Mg , is defined by

1
Mg o (f)(x) = sup

"B(x. Fy1—a/n Qx - dy.
=0 |B(x, r)|l-e/n /B(”)ql (x =) f)ldy

The boundedness properties of these operators and their commutators on weighted Lebesgue spaces are given in the following
theorem.

Theorem 5.2 [12, I13] Let0 <o <n,1 < p <nja,1/qg =1/p —a/n, and b € BMO. Suppose that Q2 € LS/(S)”’l and
w’ € Apss.q/s where 1 < s < p. Then, Sq o, M o, [b, Sq.«l, and [Mq ] is bounded from LPw? o 4w

Related to inequality Eq. 1.1, we have the following lemma.

Lemma 5.3 [57] Suppose that 0 < o« < n.

1. L= satisfies Eq. 1.1.
2. IfQ e L* (S"7Y) is homogeneous of degree zero where 1 < s' < 0o, then Sq. o and Mg 4 satisfy Eq. 1.1.

The following theorems generalize the results in [47, 57] and others by using Theorem 5.1 and Theorem 5.2. The first theorem
provides sufficient conditions for the boundedness of the sublinear operator generated by L~%/2 and its commutator within the
framework of generalized weighted Morrey spaces. Similarly, the second theorem establishes the boundedness of these operators
on generalized weighted mixed-Morrey spaces under specific conditions.

Theorem5.4 Let0 <a <n,1 <p <n/a,1/qg=1/p —a/n, (W], w3) € Aps.q/s, and w3 € Apsg 45, Where 1 <'s < p for
l<p<n/aands =1forp=1.

1. Suppose that the positive functions Y1 and v, satisfy Eq. 1.6. IfL /2 lS bounded from L? wi 1o L4V forl < p < n/a

and from L% 1o WL% “’2 then L=%/2 is bounded from Mw v to MW v for1 < p < n/a and from M}pw to WMw
2. Suppose that the positive functions V| and vy satisfy Eq. 1.7 and w € Aso. If b € BM O and [b, L=%/?] is bounded from
P q
LPwl g L43 forl < p < n/a, then [b, L~*/?] is bounded from ./\/lf;’lw1 to ./\/lilb’;)2 forl < p < n/a.

Proof L~%/? satisfies Eq. 1.1 by Lemma 5.3. Plug L~%/2 onto S, in Theorem 1.2 and Theorem 1.3 to obtain the results. |

Theorem 5.5 Let0 <a <n,1 <p <n/a,1/qg=1/p —a/n, (W], w3) € Ay q/s, and w3 € Apss 45, where 1 <'s < p for
1 < p<njaands = 1for p = 1. Suppose that 1 < py < oo and  : R* x Rt — RT.
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1. Suppose that the positive functions W and Y satisfy Eq. 1.6. If L=/ is bounded from LPl 1o L4V forl < p <nja
and from Ll g0 WLq*"’g, then L™%'% is bounded from the space M@O’W(O, T, Mglw{}) to ./\/lgo’w(O, T, sz,zwg) for
1 < p < n/a and from the space M{;,O’w(O, T, Mllmw) to M{;,O’w(O, T, Wqu’zwq).

2. Suppose that the positive functions | and Y satisfy Eq. 1.7 and wy € Awo. If b € BM O and [b, L=%/*] is bounded from
LPwl g L9V forl < p < n/a, then [b, L=%/2] is bounded from the space Mff’w(o, T, Mz’lwlp) to M{;O’W(O, T, M?p’zwg)
forl < p <nja.

—a/2

Proof Just plug L onto Sy in Theorem 1.4 and Theorem 1.5. O

The previous results imply the following corollaries regarding the boundedness of the operator L~%/% on generalized weighted
Morrey spaces and generalized weighted mixed-Morrey spaces.

Corollary5.6 Let 0 < o < n, 1 < <nfa, 1/g = 1/p —a/n, and w* € A, /5, where 1 < s < p. Suppose that

y p q p p/s.q/ D. osupp

Qe LS.

1. Suppose that the positive functions yr; and vy satisfy Eq. 1.6. Then, L=%/* is bounded from Mi’lwp to M%wq.

2. Suppose that the positive functions i and  satisfy Eq.1.7. If b € BM O, then [b, L=%/?] is bounded from ./\/li’lwp to
ML

Yo -

Corollary5.7 Let 0 < o < n, 1 < p <nj/a, 1/qg = 1/p —a/n, and w* € Ay 45, where 1 < s < p. Suppose that

1 <py<ooandy:R" x Rt — RT,

1. Suppose that the positive functions | and \r satisfy Eq. 1.6. Then, L=%/? is bounded from the space ./\/lfzo’w(O, T, Mf;’lwp)
10 M0, T, M%)

2. Suppose that the positive functions i and Vry satisfy Eq.1.7. If b € BMO, then [b, L=%/?] is bounded from
MY, T, ME") 10 M0, T, MG,

Next, we consider the operator Sq o related to the kernel €2. The subsequent two theorems provide the two-weight boundedness
results for the sublinear operator generated by Sq , and its commutator on generalized weighted Morrey spaces as well as
generalized weighted mixed-Morrey spaces.

Theorem 5.8 Let0 <a <n,1 <p <n/a,1/qg=1/p —a/n, (W], w3) € Aps.q/s, and w3 € Apsg 45, where 1 <'s < p for
1 <p<njaands =1 for p=1.Suppose that @ € L* (S" ).
1. Suppose that the positive functions Yy and Yy satisfy Eq. 1.6. If Sq q is bounded from LPvl 10 L9V3 forl < p <n/aand

P q
rom L1 to WLIY3 | then Sq o is bounded from M”"" to M%™? for 1 < p < n/a and from M." 1o WMT™".
; V1 V2 V1 V2
2. Suppose that the positive functions 1 and r satisfy Eq. 1.7 and w) € Ao. If b € BM O and [b, Sq o] is bounded from

4 q
Lrwl g L403 forl < p < n/a, then [b, Sq.o] is bounded from Mﬁ’]wl to qu,zwz forl < p < n/a.

Proof Sq , satisfies Eq. 1.1 by Lemma 5.3 point (2). The results immediately are obtained by plugging Sq , onto Sy in Theorem
1.2 and Theorem 1.3. o

Theorem5.9 LetO <a <n,1 <p <nja,1/g=1/p —a/n, (W], ws) € Ay,/s.q/5, and w € A, /s q/5, where 1 < s < p for
1> W2 r/s.q/ 2 p/s.q/
1< p<n/aands =1 for p = 1. Suppose that Q € LS/(S”’I), 1 <po<ooandy :R* x Rt — Rt
1. Suppose that the positive functions | and Vry satisfy Eq. 1.6. If Sq . is bounded from LV t0 LY for 1 < p < 0o and
PP P q , p
4 q
from L' 10 W L9 | then Sq o is bounded from the space M@O’W(O, T, Mg’]wl ) to Mf;o'w(O, T, MY") for1 < p < n/a

V2
and from M5 (0. T, MY™) 1o M0, T, WME™™).
2. Suppose that the positive functions 1 and ry satisfy Eq. 1.7 and wy € Ao. If b € BM O and [b, Sq o] is bounded from

P q
L o L9V for1 < p < n/a, then b, Sq. o] is bounded from the space M@O’“’(o, T, Mﬁ’]wl ) to MSO'W(O, T, M?p’zwz)
forl < p <nj/a.

Proof Just plug Sq o onto Sy in Theorem 1.4 and Theorem 1.5. ]
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If we assume w = w; = w; in the two preceding theorems, we deduce the following corollaries. These corollaries provide
boundedness results for Sq , and its commutator on both generalized weighted Morrey spaces and generalized weighted mixed-
Morrey spaces.

Corollary 5.10 Let 0 < @ < n,1 < p < nja,1/q = 1/p — a/n, and w* € Ay 4/, where 1 < s < p. Suppose that
QerL’ (.
q.wi

wz p q
2. Suppose that the positive functions Y\ and Y satisfy Eq. 1.7. If b € BM O, then [b, Sq o] is bounded from ./\/lf;’lw1 to ./\/l:]b’zwz.

P
1. Suppose that the positive functions Y1 and Y satisfy Eq. 1.6. Then, Sq o is bounded from Mz'lw' to M

Corollary5.11 Let 0 < @ < n,1 < p < n/a,1/q = 1/p — a/n, and w* € A,/ /5, where 1 < s < p. Suppose that
QeLl "), 1<py<ocoandy : R" x Rt — RT.

P
1. Suppose that the positive functions V| and Y satisfy Eq. 1.6. Then, Sq o is bounded from the space Mao’w(O, T, Mg’lwl )
q
Po,w q,wy
10 My (0, T, My, 7). ,
2. Suppose that the positive functions V| and Y satisfy Eq. 1.7. Then, [b, Sq .« is bounded from the space MP*" (0, T, ME )
PD p q , P v W1

.

w

Po,w q,
to M¢ o, T, /\/11//2

Now, the two-weight boundedness results for the sublinear operator generated by Mg , and its commutator on generalized
weighted Morrey and mixed-Morrey spaces are presented in the following theorems.

Theorem5.12 LetO <@ <n,1 < p <nj/a,1/qg =1/p Ta/n, (wi, w3) € Ap/s /s, and wi € Ay q/s, where 1 < s < p
forl < p <njaands =1 for p = 1. Suppose that Q € L* (S"™1).
1. Suppose that the positive functions \yr\ and rp satisfy Eq. 1.6. If Mq o is bounded from LPwT g L9492 forl < p <n/aand

p q
from LY 1o WL9Y" | then Mg o is bounded from ME o mT2 for1 < p < n/a and from ML 1o WMq‘wq.
’ 4 ) V1 V2
2. Suppose that the positive functions 1 and o satisfy Eq. 1.7 and w| € Ax. If b € BM O and [b, Mq o] is bounded from

q P q
LPw g L4013 for1l < p <nja, then [b, Mg o] is bounded from Mi’lwl to Mz,’z% forl<p<nja

Proof By Lemma 5.3, Mg 4 satisfies Eq.1.1. We plug Mq o onto S, in Theorem 1.2 and Theorem 1.3 to obtain the desired
boundedness properties. O

Theorem5.13 LetO <o <n,1 < p <n/a,1/qg=1/p Toz/n, (wi, w3) € Apss /s, and Wi € Ay q/s, where 1 < s < p
forl < p <njaands = 1for p=1. Suppose that 2 € L* ("), 1 < py < oo and ¥ : R" x RT — R+,

1. Suppose that the positive functions Y and ry satisfy Eq. 1.6. If Mq  is bounded from LWl g L9:W3 forl < p <n/aand
P q

from LY%1 to WL9"" | then Mg , is bounded from the space Mf,’,o’w(O, T, Mi’lwl ) to/\/lio’w(O, T, /\/l(;,’zw2 Yorl < p <nja

and from M50, T, MY") 10 M5O 0, T, WME™).
2. Suppose that the positive functions 1 and \r satisfy Eq. 1.7 and w € Ax. If b € BM O and [b, Mg o] is bounded from

P q
LPV o L9 for 1 < p < nja, then [b, Mg 4] is bounded from Mio’w(o, T, M;’lwl) to M{;,O’w((), T, Mﬂé;zwz) Jfor
1<p<n/a
Proof Put Mg , = Sy in Theorem 1.4 and Theorem 1.5. O
Finally, by taking w = w; = w3 in the two preceding theorems, we obtain the following corollaries.
Corollary5.14 Let 0 < @ < n,1 < p < n/a,1/q = 1/p — a/n, and w* € Ay 4/5, where 1 < s < p. Suppose that
QelL’ (.

q
q,Wy

V2
p
2. Suppose that the positive functions Y1 and vy satisfy Eq.1.7. If b € BM O, then [b, Mq ] is bounded from Mg’]wl to

q
q,wy
My, =

P
1. Suppose that the positive functions Y\ and Y satisfy Eq. 1.6. Then, Mg o is bounded from .Mi']wl to M
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Corollary5.15 Let 0 < @ < n,1 < p < nfa,1/q = 1/p — a/n, and w* € A,/ 4/5, where 1 < s < p. Suppose that
QeLl S, 1<py<ocoandy : R" x Rt — RT.

P
1. Suppose that the positive functions 1 and \ satisfy Eq. 1.6. Then, Mq 4 is bounded from the space Mf;"'“’(o, T, ./\/lf;’lw' )

q
to M0, T, M)
2. Suppose that the positive functions Y and o satisfy Eq.1.7. If b € BMO, then [b, Mg o] is bounded from

wg)

ME O, T, MUY 10 MI 0, T, M,
v R 1 i )
Singular integral operators

Let © be as in the “Fractional integrals related to operators with Gaussian kernel bounds, fractional operators with rough
kernels, and fractional maximal operators with rough kernels” section. Suppose that Sq is a sublinear operator such that for any
f € L' with compact support and x ¢ supp (f)

12 =yl
sa(nwi = ¢ [ EEDirg)lay. 5.1)
R X =yl
In fact, Sq which may be viewed as the generalization of Calderén-Zygmund operator (see [7, 19] for more details about
Calderén-Zygmund operator) satisfies Eq. 1.1 as in the following lemma.

Lemma 5.16 Sgq satisfies Eq. 1.1 for Q € le(Sn’l) where 1 < s’ < co.

Proof By Holder’s’s inequality, we deduce

Q _
ISe.f - KB ) )] < C / RG =D ¢ 410y

B@,2re  |x —yI"
o0

Q —
—cy | E2OZ I, £ g1y

= JB@2io\B@ 2 X = YI"

o0 Q _
> oty

= JB@ 2k ©\B@2kr) X —

%) 1 . 1
Y [fI° s
cz(/ |sz(x—y)|fdy) (/ R )
o \B@21)\B(a.2r) B(a,21 )\ B(a,2kr) 1X — ¥

5

! L
(/ Q0 = pI° dy) < ClIQ Ly 1) BO, 2 r + [x —a])|¥
B(a,2kt1r)\B(a,2kr)

1
< ClIQ o g1y Bla, 2T )|

IA

IA

We note that

)

where C > 0 is independent of x, k, and a (see [25] for more details). We also note that |x — y| ~ |y — a| for x € B(a, r) and
y € B(a, 2r)¢. Hence,

1

1
[fO)IF s 1 s
(/ ——sdy | =C———rg— lf)Idy ) .
B(a, 251 P\ B(a,2kr) 1X — Y |B(a, 2"T'r)| \JB(a,2+1 1)\ B(a,2%r)

Consequently,
00 1 %
[Se(f - XxB(@2n)(x)] = C (7 If(y)lsdy>
(@2 ,; |B(a, 25410) | Jpa, 26411\ B(a,2tr)
which implies that Sq satisfies Eq. 1.1, and the theorem is proved. O

Based on the preceding lemma, we present the following theorem concerning the boundedness of the sublinear operator with a
rough kernel and its commutator on generalized weighted Morrey and mixed-Morrey spaces with different weights. Furthermore,
we obtain the weak-type (1, 1) estimates for S, and the weak-type (L log L, 1) estimates for [b, Sy]. The following theorem
generalizes several known results in the literature, including those found in [25, 29, 30, 37, 46, 47].
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Theorem5.17 Let1 < p <00, Q € LS/(S”’I), (wy, w2), wy € Ay wherel <s < pforp > lands =1 forp =1, and
Sq satisfies Eq.5.1.

1. Suppose that the two positive functions Y| and yry on R* x RY satisfy Eq. 1.8. If Sq is bounded from LP**! to LP*2 for
1 < p < oo and bounded from L'"' to WLY"2 then Sq is bounded from Mf;/’lwl to Mz,zua for 1 < p < oo and bounded
from /\/l}//lw1 to WMlllj’sz.

2. Suppose that the two positive functions Vr| and yry on R" x RT satisfy Eq. 1.9 and w| € As. If [b, Sq] is bounded from
LP¥1 to LPY2 for 1 < p < oo, then [b, Sq) is bounded from Mi’lwl to Mizm forl < p < co.

3. Suppose that the two positive functions yry and Yy, on R" x R satisfy Eq. 1.10 and w € Awo. If Sq satisfies Eq. 1.11, then
there exists a constant C > O such that

() e
o M;:ogL.wl

Proof S satisfies Eq. 1.1 by Lemma 5.16. Plug Sq onto S in Theorem 1.6, Theorem 1.7, and Theorem 1.8 to obtain the desired
results. O

b, SQ](f)“WM;;wz = C|bllx supo
2

>0

Theorem 5.18 Let yr be a positive function on R" x RT, 0 < pp < 00,1 < p < 00, @ € L¥ (§" 1), and (w1, wn), ws € Ap/s,
where | <s < pforp > lands =1 for p = 1. Suppose that | < py < oo, ¥ : R" x R, and Sq satisfies Eq. 5.1.

1. Suppose that the two functions | and \r; satisfy Eq. 1.8. If Sq is bounded from LP"! to LP""2 for 1 < p < 0o and bounded
from LYWt 10 WLYY2 ) then Sq is bounded from Mf;o’w(O, T, Mz’lwl) to the space M@O’“’(o, T, M@’zwz)for l<p<oo
and bounded from /\/lfbo’w(O, T, /\/l:b’lwl) to the space Mio’w(o, T, W/\/lzlf’zwz)‘

2. Suppose that the two functions yry and > satisfy Eq. 1.9 and w) € Ao. If Sq is bounded from LP-%! to L2 for 1 < p < oo,
then [b, Sq] is bounded from My (0, T, MY "™") 1o My»* (0, T, MJ™) for 1 < p < oo.

3. Suppose that the two functions 1 and yr satisfy Eq. 1.10 and w1 € Ax. If Sq satisfies Eq. 1.11, then there exists a constant
C > 0 such that for any suitable function f,

116 821D 20 0,1 ag' 2, = CID I sup

>0

o POw og L,wy
Mv/ (O,T,./\/lw1 )

Proof Just plug Sq onto S in Theorem 1.10, Theorem 1.11, and Theorem 1.12. O

Applications to partial differential equations

In this section, we investigate the regularity properties of the solution of partial differential equations, i.e., elliptic partial
differential equation and parabolic partial differential equation. We use the boundedness properties obtained in the previous
sections particularly fractional integral operator /, and singular integral operators K. Here, we take w; = w; = w the weight
on R". We also assume that 1 < py < 0o, wy a weight on €, and v a positive function on R” x R™.

Elliptic partial differential equations

Throughout this subsection, let 2 be an open, bounded, and connected subset of R” where n > 2. We always assume that
l<p<ooandwritel/g=1/p—2/nand 1/qo =1/p — 1/n.

For k = 1,2, we denote W¥(2) by the Sobolev spaces and under the Sobolev norm, the closure of C§°(£2) in Whk(Q) is
denoted by W(; ’k(Q). Moreover, we denote H~!(2) by the dual space of W(; ’Q(Q). We shall investigate the following Dirichlet
problem

Lu=finQ, u=0indQ, uecW! Q) (6.1)

where L is the divergent elliptic operator. The function f is belonging to generalized weighted Morrey spaces Ms’lwp‘ The

operator L is defined by
a du
Lu = — g, —
" Z 3x]' <al] ax,-)

ij=1



Journal of Mathematical Sciences

where u € Wy 2(R), aij = aj; € L®(Q) fori, j, € {1,...,n}, and there exists A > 0 for which

n

ATNER < ) a(0&E; < AP, E=(Er,..., &) €R,

i,j=1
for x € Q a.e. Moreover, we assume that the coefficients of L satisfy the Dini- continuous condition.

Theorem 6.1 [20] There exists a unique function K : Q x Q — [0, oo] such that
G(.y) € WH(Q\B(. ) N Wy (), (v.r) € @ x RY,
and for ¢ € C§°(L),

G,
3 a2 e =600

ij=1 !

Furthermore,

G(x,y) <

C
< m’ [ViG(x,y)| < |x—7 X,y EQ,x#y.

yt

The function G in the theorem is then called the Green function for the operator L and the domain 2. For f € /\/li’w(Q) N
H=1(Q), we define

ulx) = /Q Gx,y)f(y)dy, xe. (6.2)

Lemma 6.2 [54] The weak derivative of u is given by

0 0 G (x,
ut) _ < / G(x,y)f(y)dy> - / #f(y)dy-
Q Q Xi

8x,- - 37)61
The subsequent theorem details the boundedness properties of the operator given in Eq.6.2 on generalized weighted Morrey

spaces, encompassing both strong-type (p, ¢) estimates for 1 < p < oo and weak-type (1, 1) estimates.

Theorem 6.3 For 1 < p < 00, w € A, g4, and the pair of functions (1, ¥2) satisfying Eq. 1.6, there exists a positive constant
C such that

< ) w < W .
ai @ = O N gr gy il ot gy = O
Proof One may apply Theorem 1.2 and then use the definition of u as in Eq. 6.2 to get the desired inequality. O

Meanwhile, the next theorem presents the boundedness properties of the operator given in Eq. 6.2 in the setting of generalized
weighted mixed-Morrey spaces.

Theorem 6.4 For1 < p < oo, w € A, 4, and the pair of functions (Y, Yr2) satisfying Eq. 1.6 there exists a positive constant
C such that

Uy < o )
||”||MFO~UO(O’TMq,w‘1 @) = C”f||M10<wo(0,T’Mp,ul’(Q))a
v ¥ v ¥
: < , .
||u||M$°’w°(0,T,WM‘$£"q @) = C”f”/vt{;o "’O(O,T,MW(Q))

The regularity properties of the solution to the system Eq. 6.1 are established in our next theorem, which relies on the two
preceding theorems, Theorem 4 in [54], and the results from [10, 11].

Theorem 6.5 Under the same assumptions of Theorem 6.4, u is the unique weak solution of Dirichlet problem Eq.6.1 and
q q
ue MG ()N MO, T, My ().

Turning our attention to the gradient of u, our next results reveal its boundedness across both generalized weighted Morrey
spaces and generalized weighted mixed-Morrey spaces.

Theorem 6.6 Forl < p < oo, w € A, 4, and the pair of functions (Y1, Yr2) satisfying Eq. 1.6 where q is replaced by qq, there
exists a constant C such that

[Vl aw <C

<
atn® gy S O g gy 190l o o = S gy
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Proof Note that by Theorem 6.1 and Lemma 6.2, we have

|Vul = (Z

i=1

1
G :
/Q x, y)f( W‘) <f/ V.G (x, y)||f(y)|dy<f/ P |,, P RACOICAS

for x € Q2. Hence, by Theorem 1.2, we obtain the desired inequality. O

Theorem 6.7 Forl < p < oo, w € A 4, and the pair of functions (Y1, Yr2) satisfying Eq. 1.6 where q is replaced by qq, there

exists a constant C such that

||vu||Mpo 0 (0.7, Mtio w O(Q)) = C“f”MPO “ (0,7, Mﬁ u"(Q))

”v ” p() 0 (0.7, W./\/lqo w0 (Q)) ”f”M”O "0,T, Ml W(Q))

Parabolic partial differential equations

First, we recall the Sarason class VM O = VM O(R"). The BM O function f isin VM O if lim, o+ sup,>, Bip pr lf(y)—
fB,ldy = 0 where B, is a ball with radius p. We also recall that the singular integral operator K and its commutator as in
the “Applications to other operators” section are bounded on L”'% (see [26, 51] for more details). Through this subsection, we
assume that 1 < p < oo and the pairing functions (i1, ¥») satisfy Eq. 1.9. Next, we recall the definition of singular integral
operator related to variable Calderon-Zymgund kernel.

Definition 6.8 Suppose that K : R” x R" \ {0} — R is measurable function. K is called a variable Calderén-Zygmund kernel
provided the following condition holds.

1. K(x,-)is a Calder6n-Zygmund kernel for almost all x € R”", i.e
(@) K(x, ) e CPMR"\{0}),
(b) K(x,uy) =u"K(x,u)for u >0,
(©) Jou-1 K(x, y)doy =0and [, |K(x, y)|doy.

DfK ” is finite.

2. maX‘IB|52n L®(R" XS”’])

We define the singular integral K (/) and the commutator [a, K](f) by
K@ =PV [ Kexx =) f0dy

la, K]1(f)(x) = P.V'/Rn K(x,x —y)la(x) —ay]f(y)dy.

Note that K satisfies Eq. 1.1 when f € L;(R") with compact support where 2 constant a.e. as in [27]. Hence, we have the
following corollary about the boundedness of K and its commutator on generalized weighted Morrey spaces generalizing the
results in [27, 46, 47, 56] and on generalized weighted mixed-Morrey spaces which generalize the results in [46].

Corollary 6.9 Let yr be a positive function on R" x RT and 1 < py < oo. Then, K and [b, K] are bounded from Mi‘lw to
MG and MG, T, M) 10 MY 0, T, M),

Letn > 3 and Or = Q x (0,T) be a cylinder of R™*! of base @ < R”. In the sequel, we write x’ = (x,1) =
(x1, X2, -+, xp, 1) € R"1 a generic pointin Q7, f € ./\/lp w(Q) or f € MPO 00, T, Mp w(Q)) where 1 < pg, p < co. We
also write

where a;;(x,t) = aji(x,t) a.ex € Or;a;j(x,t) e VMO(Qr) N L*®(Q7) fori, j=1,---,n, and

n

ATVER < Y ay(x,nEE < AlEP aein Qr £ € R,

i,j=1
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Suppose the equation Lu(x, t) = f(x, t). The strong solution of the equation is a functionu € Mf;’]w Qif feue MfZ’lw (Q)
and u € MIP" O, T, MJ"(Q) if f € u € M0, T, Ml;" () with all its weak derivatives Dy, Dyyyu, and Dy
satisfying the equation as in [46]. The local representation formula (see [4] for more details about the formula and notations) for
Dxl{!x//u where u € C; = {v € CPR" N {t > 0}) : v(x, 0) = 0} is given by

—0

= lim / Lij(x, x — y)Lu(y)dy
€ plx—y)>¢
n

+ lim / Fij(x, x —y) Z lank(y) — ank ()1Dys o u(y)dy
e>0 plx—y)>e hk=1

(6.3)
+ Lu(x) / Lj(x, y)vido(y)
b

= Ry Lut) + Yl RylDy g0 + L) [ 10 ppuday),
h,k=1

for x € supp (f) where v; is the i —th component of the outer normal to X. Here I';; (x, §) = Dg, ¢ : ['(x, &) and I';; are Calderén-
Zygmund kernel as in Definition 6.8. This implies that R;; are singular integrals as in the “Applications to other operators”

section. Moreover, we may observe that
2

n
0u
u; = Lu —{-ijz_:] a,-j(x, l‘)iax[axj .

Therefore, the regularity properties of the solution to the parabolic partial differential equations are established in the next
theorems by utilizing Corollary 6.9, the local representation 6.3, and the boundedness of both K and [b, K] on L?"" whenever
beVMO.

Theorem 6.10 Letn > 3,a;; € VM O(Q7)NL*®(Qr1), B, € Qaball in R". For every u with compact support in B x (0, T),

the solution of Lu = f such that D/ , u € Mﬁ’]w(Br)for i,j=1,---,n, there exists ro such that if r < ro, then
i

1Dyl gz sy < CNLUl g5y 0 =10 n

and

||ut||/\/(5/*2“’(3r) = C||Lu||/\/[§/*]w(3r)~

Theorem 6.11 Let n > 3,a;; € VMO(Q71) N L*(Q7), and B, S Q a ball in R". For every u with compact support in

B x (0, T), the solution of Lu = f such that D,; ,1u € Mio (0, TMKIZ’IW(B,))for i,j=1,---,n, there exists ro such that if
i
r < ro, then
”Dxl./,x.'/.u||M5/0(0,TM$2W(B”) =< ”Lu”Ms,O(OA,TM,Iz’Iw(Br))’ L, ] = 17 N,
and

u P0 pow < ||Lu PO pow :
Il t”/\/ll/, (()!T./\/[]//2 (B))) I ”Mlb (O,T./\/lw1 (Br))

Remark 6.12 Note that the last theorem generalizes Theorem 5.1 in [46].

Acknowledgements We thank the reviewer for his/her comments and suggestions on the earlier version of this paper, which are very useful for us to
improve the paper up to the final version.

Author contribution The authors contribute equally to this work.
Funding No funding was received for conducting this study.

Data availability Data sharing not applicable to this paper as no datasets were generated or analyzed during the current study.

Declarations

Competing interests The authors declare no competing interests.



Journal of Mathematical Sciences

References

—_

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.
37.

D.R. Adams, A note on Riesz potentials, Duke Math. J., 42 (4) (1975), pp. 765-778. https://doi.org/10.1215/S0012-7094-75-04265-9

P. Auscher and J.M. Martell, Weighted norm inequalities for fractional operators, Indiana Univ. Math. J., 57 (2008), pp. 1845-1870. https://doi.org/
10.1512/1UMJ.2008.57.3236

C. Aykol, J.J. Hasanov, and Z.V. Savarov, Two-weighted inequalities for Riesz potential and its commutators in generalized weighted Morrey spaces,
Mat. Vesn., 75 (1) (2023), pp. 37-49. https://doi.org/10.57016/mv-edtc1613

M. Bramanti and M.C. Cerutti, Wll,’2 Solvability for the Cauchy-Dirichlet problem for Parabolic Equations with VMO coefficients, Comm. Partial
Differential Equations, 18 (1-2) (1993), pp. 1735-1763. https://doi.org/10.1080/03605309308820991

F. Chiarenza and M. Frasca, Morrey spaces and Hardy-Littlewood maximal function, Rend. Mat. Appl., 7 (3-4) (1987), pp. 273-279.

R.R. Coifman and C. Fefferman, Weighted norm inequalities for maximal functions and singular integrals, Studia Math., 51 (1974), pp. 241-250.
R.R. Coifman and Y. Meyer, Au déla des opérateurs pseudo-différentiels, Astérique, 57 (1978), pp. 1-185.

F. Deringoz, V. S. Guliyev, M. N. Omarova, and M. A. Ragusa, Calderon—-Zygmund operators and their commutators on generalized weighted
Orlicz—Morrey spaces, Bull. Math. Sci., 13 (1) (2023). https://doi.org/10.1142/S1664360722500047.

M. Cowling, J. Garcia-Cuerva, and H. Gunawan, Weighted estimates for fractional maximal functions related to spherical means, Bull. Austral.
Math. Soc., 66 (2002), pp. 75-90. https://doi.org/10.1017/S0004972700020694

G. Di Fazio, On Dirichlet problem in Morrey spaces, J. Ditterential and Integral Equations 6 (2) (1993), pp. 383-391. https://doi.org/10.57262/die/
1370870196

. G. Di Fazio, Regularity for elliptic equations under minimal assumptions, J. Indones. Math. Soc., 26 (1) (2020), pp. 101-127. https://doi.org/10.

22342/jims.26.1.815.101-127
Y. Ding and S. Lu, Weighted norm inequalities for fractional integral operators with rough kernel, Canad. J. Math., 50 (1998), pp. 29-39. https://
doi.org/10.4153/CIM-1998-003-1

. Y. Ding and S. Lu, Higher order commutators for a class of rough operators, Ark. Mat., 37 (1999), pp. 33—44. https://doi.org/10.1007/BF02384827

J. Duoandikoetxea and M. Rosenthal, Boundedness properties in a family of weighted Morrey spaces with emphasis on power weights, J. Funct.
Anal., 279 (8) (2020). https://doi.org/10.1016/j.jfa.2020.108687

. J. Duoandikoetxea and M. Rosenthal, Boundedness of operators on certain weighted Morrey spaces beyond the Muckenhoupt range Potential Anal.

53 (4) (2020), pp. 1255-1268. https://doi.org/10.1007/s11118-019-09805-8

. J. Duoandikoetxea and M. Rosenthal, Muckenhoupt-type conditions on weighted Morrey spaces, J. Fourier Anal. Appl. 27 (2) (2021). https://doi.

org/10.1007/s00041-021-09839-w

Y. Fan, Boundedness of sublinear operators and their commutators on generalized central Morrey spaces. J Inequal Appl 2013, 411 (2013). https://
doi.org/10.1186/1029-242X-2013-411

J. Garcia-Cuerva and J.L. Rubio de Francia, Weighted Norm Inequalities and Related Topics, Elsevier Science Publishers BV, Amsterdam, 1985.
L. Grafakos, Modern Fourier Analysis, 3rd ed., Springer, New York, 2014.

M. Gruter and K.O. Widman, The green function for uniformly elliptic equations, Manuscripta Math., 37 (1982), pp. 303-342. https://doi.org/10.
1007/BF01166225.

. V. S. Guliyev, Local generalized Morrey spaces and singular integrals with rough kernel, Azerbaijan J. Math., 3 (2) (2013), 79-94.
. V.S. Guliyev, Boundedness of the maximal, potential and singular operators in the generalized Morrey spaces, J. Ineq. Appl., 2009 (2009), pp. 1-20.

https://doi.org/10.1155/2009/503948

V. S. Guliyev and F. Deringoz, Riesz potential and its commutators on generalized weighted Orlicz—Morrey spaces, Math. Nachr., (2022), 1-19.
https://doi.org/10.1002/mana.201900559.

V.S. Guliyev, F. Deringoz, and J.J. Hasanov, Boundedness of fractional maximal operator and its commutators on generalized Orlicz-Morrey spaces,
Complex Anal. Oper. Theory, 9 (2014), pp. 1249-1267. https://doi.org/10.1007/s11785-014-0401-3

V.S. Guliyev and V.H. Hamzayev, Rough singular integral operators and its commutators on generalized weighted Morrey spaces, Math. Ineq.
Appl., 19 (3) (2016), pp. 863—881. https://doi.org/10.7153/mia- 19-63

V.S. Guliyev, T. Karaman, R.C. Mustafayev, A. Serbetci, Commutators of sublinear operators generated by Calderon-Zygmund operator on
generalized weighted Morrey spaces, Czecholslovak Math. J., 64 (2) (2014), pp. 365-386.

V.S. Guliyev, M.N. Omarova, and L. Softova, The Dirichlet problem in a class of generalized weighted Morrey spaces, Proc. Inst. Math. Mech., 45
(2) (2019), pp. 270-285. https://doi.org/10.29228/proc.8

V.S. Guliyev and S. G. Samko, Maximal operator in variable exponent generalized Morrey spaces on quasi-metric measure space, Mediterr. J. Math.,
13 (2016), 1151-1165. https://doi.org/10.1007/s00009-015-0561-z

V.H. Hamzayeyv, Sublinear operators with rough kernel generated by Calderon-Zygmund operators and their commutators on generalized weighted
Morrey spaces, Trans. Natl. Acad. Sci. Azerb., 38 (1) (2018), pp. 79-94.

V.H. Hamzayev and Y.Y. Mammadov, Commutators of Marcinkiewicz integral with rough kernels on generalized weighted Morrey spaces, Trans.
Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci., 43 (1) (2023), pp. 55-65. https://doi.org/10.30546/2617-7900.43.1.2023.55

J. J. Hasanov, S. S. Aliyev, and Y. Y. Guliyev, Commutators of potential and singular integral operators in generalized variable exponent Morrey
spaces, Trans. NAS Azerbaijan, Issue Mathematics, 35(4) (2015), 75-83.

S. He and S. Tao, Boundedness of some operators on grand generalized Morrey spaces over non-homogeneous spaces, AIMS Math., 7 (1) (2022),
1000-1014.

K. Ho, Two-weight norm inequalities for rough fractional integral operators on Morrey spaces, Opuscula Math., 44 (1) (2024), pp. 67-77. https://
doi.org/10.7494/OpMath.2024.44.1.67

Y. Hu and Y. Wang, Norm inequalities of operators and commutators on generalized weighted Morrey spaces, J. Nonlinear Sci. Appl., 10 (7) (2017),
3490-3501.

Y. Hu and Y. Wang, Multilinear fractional integral operatos on generalized weighted Morrey spaces, J. Inequal. Appl., 2014 (2014), pp. 323-340.
https://doi.org/10.1186/1029-242X-2014-323

S.Janson, Mean oscillation and commutators of singular integral operators, Ark. Mat., 16 (1978) pp. 263-270. https://doi.org/10.1007/BF02386000
T. Karaman, V.S. Guliyev, and A. Serbetci, Boundedness of sublinear operators generated by Calderon-Zygmund opeators on generalized weighted
Morrey spaces, An. Stiint. Univ. Al. I. Cuza lasi. Mat. (N.S.), 60 (1) (2014) pp. 227-244. https://doi.org/10.2478/aicu-2013-0009


https://doi.org/10.1215/S0012-7094-75-04265-9
https://doi.org/10.1512/IUMJ.2008.57.3236
https://doi.org/10.1512/IUMJ.2008.57.3236
https://doi.org/10.57016/mv-edtc1613
https://doi.org/10.1080/03605309308820991
https://doi.org/10.1142/S1664360722500047
https://doi.org/10.1017/S0004972700020694
https://doi.org/10.57262/die/1370870196
https://doi.org/10.57262/die/1370870196
https://doi.org/10.22342/jims.26.1.815.101-127
https://doi.org/10.22342/jims.26.1.815.101-127
https://doi.org/10.4153/CJM-1998-003-1
https://doi.org/10.4153/CJM-1998-003-1
https://doi.org/10.1007/BF02384827
https://doi.org/10.1016/j.jfa.2020.108687
https://doi.org/10.1007/s11118-019-09805-8
https://doi.org/10.1007/s00041-021-09839-w
https://doi.org/10.1007/s00041-021-09839-w
https://doi.org/10.1186/1029-242X-2013-411
https://doi.org/10.1186/1029-242X-2013-411
https://doi.org/10.1007/BF01166225
https://doi.org/10.1007/BF01166225
https://doi.org/10.1155/2009/503948
https://doi.org/10.1002/mana.201900559
https://doi.org/10.1007/s11785-014-0401-3
https://doi.org/10.7153/mia-19-63
https://doi.org/10.29228/proc.8
https://doi.org/10.1007/s00009-015-0561-z
https://doi.org/10.30546/2617-7900.43.1.2023.55
https://doi.org/10.7494/OpMath.2024.44.1.67
https://doi.org/10.7494/OpMath.2024.44.1.67
https://doi.org/10.1186/1029-242X-2014-323
https://doi.org/10.1007/BF02386000
https://doi.org/10.2478/aicu-2013-0009

39.
40.

41.

42.

43.

44.

45.

46.

47.

48.
49.

50.

51

52.
53.

54.

55.

56.

57.

58.
59.

Journal of Mathematical Sciences

. A. Kucukaslan, Tivo-type estimate for the boundedness of generalized Riesz potential operator in the generalized weighted local Morrey spaces,

Tbil. Math. J. 4 (1) (2021), pp. 111-124. https://doi.org/10.32513/asetm;j/ 1932200817

S.S. Lu, Y. Ding, and D. Yan, Singular Integrals and Related Topics, World Scientific, 2007.

C.B. Morrey, On the solutions of quasi-linear elliptic partial differential equations, Trans. Amer. Math. Soc., 43 (1) (1938), pp. 126-166. https://
doi.org/10.1090/S0002-9947-1938-1501936-8

B. Muckenhoupt, Weighted norm inequalities for the Hardy-Littlewood maximal function, Trans. Amer. Math. Soc., 165 (1972), pp. 207-226. https://
doi.org/10.2307/1995882

B. Muckenhoupt and R. Wheeden, Weighted norm inequalities for fractional integrals, Trans. Amer. Math. Soc. 192 (1974), pp. 261-274. https://
doi.org/10.2307/1996833

S. Nakamura, Generalized weighted Morrey spaces and classical operators, Math. Nachr., 289 (2016), pp. 2235-2262. https://doi.org/10.1002/
mana.201500260

S. Nakamura, Y. Sawano, and H. Tanaka, The fractional operators on weighted Morrey spaces, J. Geom. Anal., 28 (2) (2018), pp. 1502-1524. https://
doi.org/10.1007/s12220-017-9876-2

S. Nakamura, Y. Sawano, and H. Tanaka, Weighted local Morrey spaces, Ann. Acad. Sci. Fenn. Math., 45 (1) (2020), pp. 67-93. https://doi.org/10.
5186/aasfm.2020.4504

M.A. Ragusa and A. Scapellato, Mixed Morrey spaces and their applications to partial differential equations, Nonlinear Anal Theory Methods
Appl., 151 (2017), pp. 51-65. https://doi.org/10.1016/j.na.2016.11.017

Y. Ramadana and H. Gunawan, Boundedness of the Hardy-Littlewood Maximal operator, fractional integral operators, and Calderon-Zygmund
operators on generalized weighted Morrey spaces, Khayyam J. Math., 9 (2) (2023), pp. 263-287. https://doi.org/10.22034/kjm.2023.386608.2779
M.M. Rao and Z.D. Ren, Theory of Orlicz spaces, M. Dekker Inc., New York, 1991.

N. Samko, Weighted boundedness of certain sublinear operators in generalized Morrey spaces on quasi-metric measure spaces under the growth
condition, J. Fourier Anal. Appl., 28 (2022), 27. https://doi.org/10.1007/s00041-022-09924-8.

N. Samko, Weighted estimates of commutators of singular operators in generalized Morrey spaces beyond Muckenhoupt range and applications,
Anal. Math. Phys., 14 (2024), 72. https://doi.org/10.1007/s13324-024-00934-x.

D. Sarason, Functions of vanishing mean oscillation, Trans. Amer. Math. Soc., 207 (1975), pp. 391-405. https://doi.org/10.1090/S0002-9947-1975-
0377518-3

Y. Sawano, G. Di Fazio, and D.I. Hakim, Morrey Spaces: Introduction and Applications to Integral Operators and PDE’s, Vol. I, CRC Press, 2020.
E.T. Sawyer, Norm inequalities relating singular integrals and the maximal function, Studia Math., 75 (1983), pp. 253-263. https://doi.org/10.4064/
SM-75-3-253-263

N.K. Tumalun and P.E.A. Tuerah, A regularity of Dirichlet problem with the data belongs to generalized Morrey spaces, AIP Conf. Proc., 2614 (1)
(2023). https://doi.org/10.1063/5.0125918

H. Wang, Intrinsic square functions on the weighted Morrey spaces, J. Math. Anal. Appl., 396 (1) (2012), pp. 302-314. https://doi.org/10.1016/]J.
JMAA.2012.06.021

H. Wang, Boundedness of 6 —type Calderon-Zygmund operators and commutators in the generalized weighted Morrey spaces, J. Function Spaces,
(2016). https://doi.org/10.1155/2016/1309348

Y. Wang, Norm inequalities for fractional integral operators on generalized weighted Morrey spaces, Anal. Theory Appl., 33 (2) (2017), pp. 93—-109.
https://doi.org/10.4208/ata.2017.v33.n2.1

K. Yabuta, Generalizations of Calderén-Zygmund operators, Stud. Math., 82 (1) (1985), pp. 17-31. url: https://eudml.org/doc/218692

P. Zhang, Weighted endpoint estimates for commutators of Marcinkiewicz integrals, Acta Math. Sin., 26 (9) (2010), pp. 1709-1722. https://doi.org/
10.1007/S10114-010-8562-0

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under a publishing agreement with the author(s) or
other rightsholder(s); author self-archiving of the accepted manuscript version of this article is solely governed by the terms of such publishing agreement
and applicable law.


https://doi.org/10.32513/asetmj/1932200817
https://doi.org/10.1090/S0002-9947-1938-1501936-8
https://doi.org/10.1090/S0002-9947-1938-1501936-8
https://doi.org/10.2307/1995882
https://doi.org/10.2307/1995882
https://doi.org/10.2307/1996833
https://doi.org/10.2307/1996833
https://doi.org/10.1002/mana.201500260
https://doi.org/10.1002/mana.201500260
https://doi.org/10.1007/s12220-017-9876-2
https://doi.org/10.1007/s12220-017-9876-2
https://doi.org/10.5186/aasfm.2020.4504
https://doi.org/10.5186/aasfm.2020.4504
https://doi.org/10.1016/j.na.2016.11.017
https://doi.org/10.22034/kjm.2023.386608.2779
https://doi.org/10.1007/s00041-022-09924-8
https://doi.org/10.1007/s13324-024-00934-x
https://doi.org/10.1090/S0002-9947-1975-0377518-3
https://doi.org/10.1090/S0002-9947-1975-0377518-3
https://doi.org/10.4064/SM-75-3-253-263
https://doi.org/10.4064/SM-75-3-253-263
https://doi.org/10.1063/5.0125918
https://doi.org/10.1016/J.JMAA.2012.06.021
https://doi.org/10.1016/J.JMAA.2012.06.021
https://doi.org/10.1155/2016/1309348
https://doi.org/10.4208/ata.2017.v33.n2.1
https://eudml.org/doc/218692
https://doi.org/10.1007/S10114-010-8562-0
https://doi.org/10.1007/S10114-010-8562-0

	TWO-WEIGHTED ESTIMATES FOR SOME SUBLINEAR OPERATORS ON GENERALIZED WEIGHTED MORREY SPACES  AND APPLICATIONS
	Abstract
	Introduction
	Preliminaries: Definitions and Lemmas
	Proof of Theorem 1.2–1.5
	Proof of Theorem 1.6–1.8 and Theorem 1.10–1.12
	Applications to other operators
	Fractional integrals related to operators with Gaussian kernel bounds, fractional operators with rough kernels, and fractional maximal operators with rough kernels
	Singular integral operators

	Applications to partial differential equations
	Elliptic partial differential equations
	Parabolic partial differential equations

	Acknowledgements
	References


