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Abstract

In this paper, we compute several geometric constants for mixed Morrey spaces
and mixed Morrey double-sequence spaces, specifically generalized Von Neumann-
Jordan constant, modified Von Neumann-Jordan constants, and Zbaganu constant.
For the calculation of these constants, we construct two functions of unit norm so
that the upper bound of these constants is attained. In addition, we use an inequal-
ity involving these constants and Von Neumann-Jordan constant. Our results can
be seen as some extensions of the previous results about geometric constants for
Morrey spaces and discrete Morrey spaces.
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1 Introduction

In 1961, Benedek and Panzone studied Lebesgue spaces with mixed norm [1]. Simi-
larly, Morrey spaces with mixed norm and their application to partial differential
equations are investigated by Ragusa and Scapellato in 2017 [2]. Other studies about
Morrey spaces, mixed Morrey spaces and their variations can be found in [3-8].

For 1 <p<g<ooand 1 <r <s < oo, we define the mixed Morrey space
ME(M7) = ME(M)(R? x RY) to be the set of all measurable functions f on
R? x R? for which

1Lz gy = ML (2 9)llmg zllagg,y < oo

Here, M = Mb (R) denotes the classical Morrey space, which is the set of all
measurable functions fon R for which

1

sz == sup  |Bla,r)]a "5 (/B( )If(y)|pdy> < 0.

ac€R™,r>0

Although Morrey spaces are known and there are many references about these spaces,
the study of their discrete versions is relatively new (see [9, 10]). Let 1 <p < ¢ < o0
- The discrete Morrey spaces or Morrey sequence spaces ¢ = 8 (Z%) is defined to be
the set of all sequences z : Z? — R for which

1_1
{ziHler := sup  [Spn|i 5 | D a7 | < oo,
" mezd,NeN,

where Ng = NU {0} and S,, v = {j € Z¢ : ||j — m||oc < N}.

Inspired by the definition of mixed Morrey spaces, the authors in [11] intro-
duced the mixed Morrey double-sequence space (F(£y) = (5(£5)(Z x Z),
where 1 <p<¢g<oo and 1 <r <s< oo, to be the set all double-sequences
{.Z‘ij} = {'rij}i,jeZ for which

RisHiegepy = IR is ez}l , < oo

In this paper, we extend the domain of these sequences spaces to Z¢ x Z<, so that we
have £2(05) (24 x Z%).

The aim of this paper is to extend the previous results about the Von Neumann-
Jordan constants for mixed Morrey spaces [12] and mixed Morrey double-sequence
spaces [11]. In particular, we compute generalized Von Neumann-Jordan constant,
modified Von Neumann-Jordan constant, generalized modified Von Neumann-Jordan
Constant, and Zbaganu constant for these spaces. For the mixed Morrey double-
sequence spaces, we also compute the Von Neumann-Jordan constant and the James
constant.
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For a Banach space (X, || - ||x), we denote by Sx := {z € X : ||z||x = 1} the
unit sphere in X. The Von Neumann-Jordan constant and the James constant for X are
given respectively by

lz + yll% + Il -l
2([lel% + llvl%)

Covs(X) = sup { ay e X\(0}

and
Cy(X) == sup{min(|z + y|[x, [z — y[|x) : 2,y € Sx}.

Meanwhile the definitions of the other constants are given below. For 1 < ¢ < oo, the
generalized Von Neumann-Jordan Constant C%; ;(X) [13] is defined by

|z + yllx + Iz — yllx
2071 (|2l + llyll)

Chos(X) = sup { 2.y € X\(0}},

By the convexity of the function f(x) = z¢ for ¢ > 1 and the triangle inequality, it
follows that C%;;(X) < 2. Moreover, for ¢t = 2, we have C', ;(X) = Cns(X).
The modified Von Neumann-Jordan constant C'y ;(X) is defined by

=+ yl% + Iz — yli%
1

Cys(X) :Sup{ ::c,yGSX}.

This constant is introduced by Alonso et al. [14]. One can see that, the definition of
Cny(X)and C)y;(X) imply 1 < Cly,(X) < Cny(X).

As a combination of C'y (X)) and C% ;(X), for 1 <t < oo, the generalized mod-
ified Von Neumann-Jordan constant C'% ;(X) [15], is defined by

|z + yllx + Iz — yllx
ot

Ch 7 (X) :zsup{ :x,yeSX}.

For t = 1, we have the following constant

) = { LR Il

as investigated in [16].
Zbéganu [17] introduced a different constant than Von Neumann-Jordan constant,
namely Zbaganu constant, which is defined by

Iz + ylxlle — ylx
o) = { P ey € 0 (01
X X

One can observe that 1 < Cz(X) < Cny(X) < 2.
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In this paper, we will calculate the values of the above constants for mixed Mor-
rey spaces and mixed Morrey double-sequence spaces. Specifically, we prove that
for X = MP(M5) and X = £0((7), the value of the above geometric constants are
equal to the value of C' 5 (X).

2 Results

Our first result for mixed Morrey spaces M? (M) is presented in the following
theorem.

Theorem1 For1 <p<qg<oo, I <r<s<ooand1 <t < oo, wehave
Oy (ME(MY)) = Oy s (ME(MY)) = Cly s (ME(M?) = Cz(M(M])) = 2.
Proof As in [12], let I” = [3 — a, 3) denote an interval of length o ending at the
point 3 and define (1) as the Cartesian product
UD =1 % x I,

where a, 5 € R. We then define the following functions

flx)= X([ll)d(x) + XIII‘FlX(Ill)d_l(x), xr € R?
and

g(x) = X(Ill)d(x) - X11"+1x(1})d—1($)7 zeR?

Here, x4 denotes the characteristic function of 4, for every A C R% and
n > max {2d<qqﬂ>> — 1,2d<sim — 1}.

Note that
[ fllaz = [ fllaar = llgllae = llgllmr = 1.

Let us now define

f(x,y) = f(x)f(y)and g(z,y) = g(x)g(y), x,y € R,

so that

IFllae aagy = 1F 1 aez 1 llaay =1

and
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191l sz (ry = Nlgllaezllgllmg = 1.
One may observe that
If +lme ey = I1F = Fllae o) = 2.
See [12] for the details. It follows that
17+ 3l (aary + I1F = Gl aar)

t—1 FlIt =t

21 (I Wap gy + 181 a) )
2t
- 2t71(1 + 1)

Oy (MEMY)) >

= 2.

Since Cf ;(MP(M3)) < 2, we get Cly ;(MP(M])) = 2.

Next, for the modified Von Neumann-Jordan constant, we have

P+ ey + I = TR ey

Cr s (MEMY)) = E— —
22+22 B
-

We know that C'y ;(MP(M5)) < Cn s (ME(MF)) < 2, thus we can conclude that
Ch s (ME(ME) = 2

We also obtain the result for the generalized modified Von Neumann—Jordan con-
stant as follows,

2.

_ P+ oy + I = Tl
Clys(ME(M?)) = T o
2t+2t

T %

Therefore, we conclude that C'y ; (M5 (M) = 2.

Finally, for the Zbaganu constant, we have

I+ gl a1 = Gl v

Cz(MEMY)) 2 —= -
! Hf”.%\/l{;(/\/lg) + ”g”i/lg(./\/tg)
2.2
=— =2
2

Since Cz(MBH(MF)) < Cn g (ME(MF)) = 2, we obtain Cz(ME(M)) = 2

We now state the results for mixed Morrey double-sequence spaces. As the reader
might observe, the key idea of the proof of the previous theorem is to find two ele-
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ments whose norms are equal to one and the norms of their difference and sum are
equal to two. For mixed Morrey double-sequence spaces, we find that the same idea
works and we state the result as in the following theorem.

Theorem2 Let 1 < p < qg<ocand1 <1 < s < oc. Then, there exist u,v € £ ((7)
with ||ul[ g2y = [|v]lez(ery = 1 such that

[+ vllezery = llu = vl gery = 2.

Proof The constructions of u and v are adapted from [18] and [11]. Following a simi-
lar approach, we construct two sequences of unit norm so that the norm of the sums
and difference of these sequences are equal to two. Since ¢ > p and s > r, we can
choose Ny € N such that

Ny Zmax{2ﬁ — 1,27 _1}.

For a nonnegative integer n € N, we define the mappings z,y : Z% — R representing
the sequences x = {x;} and y = {y;}, by

,_{ 1, i=(0,0,...,0),(n,0,...,0),
T; = O,

otherwise,

and

1, i1 =1(0,0,...,0)
yi:=< —1, i=(n,0,...,0)

0, otherwise.

Hence, we have

1_1
lzlley = Heidley = sup  [Spnls™7 | D0 |2l
meZ NENg iESnL,N
= max (1, (n+ 1)d(%_%)2%) .

1

If n > Ny, we obtain (n + l)d(E_%)ﬁ < 1. Hence ||z = 1. By a similar argu-

ment, one also obtains ||z([¢r = [[yller = [ly

Next, we introduce the double sequences u = {u;; } and v = {v;;}, defined by
uij = wix; and vij =yiy; 0,5 € L7 (1)

It follows that,
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lullezery = lzllerllzller =1 and  [|ollezery = llyller

Yl = 1. 2)

We now proceed to compute ||u & ][4 (;r). From the definitions of x and y, we have

2, i=(0,0,...,0) 0, i=(0,0,...,0)
x;+yi=< 0, i=(n,0,...,0) and xi—yi=< 2, i=(n,0,...,0)

0, otherwise

0, otherwise.

Let us first consider ||u + v||z(¢ry. Leti € 74 For j = (0,0,...,0), we have

u+v =ity + Yy =T -y 1=+,

so that

lu+vlleri = llz+ylle =2
For j = (n,0,...,0), we obtain

utv =225 +yy; = x4y - (1) =2 — i,

hence

lu+vlleri = llz—ylle =2
Forj ¢ {(0,0,...,0),(n,0,...,0)}, we have

u+v=uxx; +yy; =x;-0+y;-0=0,
so that
lu+v|ler i = 0.

These calculations can be summarized as

)2, j€{(0,0,...,0),(n,0,...,0)}
”“*“'“”‘{ 0, j¢10,0,..0) (n.0. ... 0)}
= 2.’1’,‘j.
Consequently,
||U+U||ef;(zg) = H||U+U ey ’4‘34' = ||2$||eg =2

By the same argument, one finds that

lu—vllerery = 2.

3)

4)

O
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As a direct consequence of Theorem 2, we obtain the following corollary.

Corollary3 If1 <p<qg<ooand 1 <r < s < oq, then

Ons(E(6) = Co(EB(67)) =2

Proof We first consider the Von Neumann—Jordan constant. Observe that,
Cnu(£5(£7)) < 2. Thus, it remains to prove Cn s (¢2(£;)) > 2. Let u and v be the
sequences defined in the proof of Theorem 2. Then, we obtain

w0l ry + 1= vl ) 22 4 22
2Waly ) + 10y) 2004+ 1)

For the James constant, let the sequences u and v be defined by (1). As a consequence
of Theorem 2, we have

Cy (8 (¢3)) = sup { min {[Ju+ vl ey, lu = vl

lwllezery = lvllepery = 1}
=2

)

which completes the proof.

The above corollary shows that both Von Neumann—Jordan and James constants
for mixed Morrey double-sequence spaces attain their maximum value. The follow-
ing theorem shows that the same is true for the other geometric constants.

Theorem 4 For 1<p< q oo and 1< r<s<oo, we  have
Cry(5(07)) = Ciy (5(L5)) = Cxy(65(€7)) = Cz(L5(£5)) = 2

Proof We shall now calculate the generalized Von Neumann-Jordan. Since
Chy(£5(£7)) < 2, it remains to prove that C; ;(£5(£})) > 2. According to the Egs.
(2-4), we obtain

I+ vllgeg) + 11 — vl er)
271 (Il gy + 10l 1))

2t
S 207114 1)

Cha(5(£) =

=2

Hence, we conclude that C} ;(¢0(£5)) = 2

Next, we consider the modified Von Neumann-Jordan constant. We have
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lu + 011G ) + 1 = 0l
, . 3 )
Cna(6g(6)) 2 S )
22 +2°
=

2.

Because C'y 5 (£5(05)) < Cny(€5(L5)) < 2, we have Cy 5 (£5(45)) = 2.
Accordingly, we obtain the following result for the generalized modified Von Neu-
mann-Jordan constant,

_ [|u+ U”Z?(zr) + [Ju — U”i\/tP(Mr)

Ch(E(85) > BT —
2

2t 4 2¢

Tt T

2.

Consequently, we obtain ', (¢#(£%)) = 2.
Finally, for the Zbaganu constant, we have

[u+vller ey llu = vllep ory
2 2
”qug(gg) + ”9”55(65)

2.2
= —=2.

Cz(£5(65)) 2

Since, Cz(£5(45)) < Cn(€5(L5)) = 2, it follows that C'z (¢5(£5)) = 2.
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