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Abstract. We compute several geometric constants for mixed Morrey spaces, namely von
Neumann-Jordan constant, James constant, and Dunkl-Williams constant. Through the
values of the constants that we obtain, we know that mixed Morrey spaces are not uniformly
convex nor uniformly nonsquare. Our result extends previous results on geometric constants
for discrete Morrey spaces.
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1. INTRODUCTION AND MAIN RESULTS

Let Q denote the family of all cubes in R¢ with sides parallel to the coordinate
axes. For f € LV (R%),1<p<q<oo,and Q € Q, we write

loc

1/p
Mg (£5Q) = Q977 ( /Q lf(z)lpdsc) 7

where |Q| denotes the volume of Q. (Note that if £(Q) denotes the side length
of Q, then we have |Q| = [£(Q)]?.) The Morrey space M? = MP(R?) consists of all

measurable functions f € LY (R9) for which

[fllaeg == sup my (f; Q) < oo
QeQ

See [1], [14], [15] for further reading on Morrey spaces.

Among various extensions of Morrey spaces, Ragusa and Scapellato in [13] studied
mixed Morrey spaces and their applications to partial differential equations. Further
results on mixed Morrey spaces can be found in [12], [17], [18].
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Asin [17),for 1 < p< g < oo and 1 < r < s < oo, we define the mized Morrey
space MP(M5) = MP(ME)(R? x R?) to be the set of all measurable functions f
on R4 x R¢ for which

Il mry = (L (@ ) vz all gz < 00
The following lemma will be useful in establishing our main results.

Lemma 1.1. Let 1 < p < ¢ <ooand 1 < r < s < oo. Suppose that g € M,
and h € MP.If f(x,y) = g(x)h(y) for x,y € RY, then f € MP(M?) with

I £z aary = gl IRl ez -

Proof. By definition of the mixed Morrey space M? (M), we have

Iz gy = L @ )l e llag oy = g (@R Iz o ll gy

= lllg@@) sz MW)lag.y = lgllae 17l g,

as desired. O

In this paper, we shall be interested in computing three geometric constants for
mixed Morrey spaces, namely von Neumann-Jordan constant Cn;(X) (see [11]),
James constant Cj(X) (see [6]), and Dunkl-Williams constant Cpw (X) (see [10]),
where X = MP(MY). For a Banach space (X, |-|x) in general, the three constants
are defined respectively by

Iz +yl% + Iz — yll%
1.1) Cns(X) = sup{ cx,y € X\ {0},
(L1) O 22ll% + [91%) VO

(1.2)  Cy(X) := sup{min(||z +yl[x,[|lz —yl[x): z,y € X, [[z]lx = [lyllx =1},
and
e —yllx IHlzlx  lylxllx

Let us recall some basic properties of the three constants. For every Banach
space X, we have 1 < Cn;(X) < 2. Moreover, the lower bound of this inequality is
attained if and only if X is a Hilbert space, see [11]. For James constant, the
inequality V2<C 7(X) < 2 holds for every Banach space X and its minimum value
is obtained if (but not only if) X is a Hilbert space, see [2], [6]. For Dunkl-Williams
constant, we have 2 < Cpw (X) < 4, where the minimum value is attained if and
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only if X is a Hilbert space, see [5], [L0]. Recent results on geometric constants for
mixed Morrey double-sequence spaces ¢%({7) can be found in [7]. For related results
on ‘continuous’ and discrete Morrey spaces, see [8].

Our main result is the following theorem, which we shall prove in the next section.

Theorem 1.2. Forl <p<g<oocandl <r < s < oo, we have C’NJ(Mg(M:)) =
Cy(MB(M?)) =2 and Cpw (ME(M)) = 4.

As a consequence of the von Neumann-Jordan constant that we obtain, we have
some information about the nonsquareness of mixed Morrey spaces. A Banach
space X is called uniformly nonsquare if there exists a § > 0 such that for every
z,y € X with [|z|x = |ly|x = Land ||3(z—y)|x = 1-6, we have ||3(z+y)|x < 1-4,
see [9].

Theorem 1.3 ([16]). A Banach space X is uniformly nonsquare if and only
if Cny (X) < 2.

Based on Theorems 1.2 and 1.3, we have the following corollary.

Corollary 1.4. For 1 < p< g< oo and 1 < r < s < oo, the mixed Morrey
space ME(M) is not uniformly nonsquare.

Recall that a Banach space (X,|||x) is said to be nonsquare if there are
no z,y € X with ||z||x = |ly|lx = 1 such that ||z + y|lx = ||z — yl|x = 2, see [4].
As we shall see later, we can actually conclude from the proof of Theorem 1.2 that,
for 1 <p<g<ooand 1< r <s < oo, the mixed Morrey space MFP(MY) is not
nonsquare.

In addition, we also have some information about the convexity properties of
mixed Morrey spaces. A normed space X is called strictly convex if for every
z,y € X with [|z]x = [lylx = 1 and 2 # y, we have ||1(z + y)|[x < 1. More-
over, a normed space X is called uniformly convez if for every e € (0, 2] there exists
a ¢ € (0,1) such that for every z,y € X with ||z]||x = |lylx =1 and ||z —y|x > ¢
we have || (z +y)|x <1-, see [3].

Clearly a uniformly convex space is strictly convex. Our results tell us that mixed
Morrey spaces are not uniformly convex because they are not strictly convex.

Corollary 1.5. For 1 < p< g < oo and 1 < r < s < oo, the mixed Morrey space
MPE(MY) is not strictly convex. Consequently, ME(MY) is not uniformly convex.

S
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2. PROOF OF THEOREM 1.2

In order to reveal how we compute the constants in detail, we shall deal first with
the case d = 2. The ideas will be copied later for the general case where d > 1.

2.1. The case d = 2. We start by evaluating the von Neumann-Jordan
constant.  Observe that Cnj(ME(MF)) < 2. Thus, it remains to show that
Ony(MEMT)) = 2.

Let Ny be a positive integer such that

N > max{27/2a-p) _ 1 95/((s=m) _ 1},

Let I? = [ — a, ) denote an interval of length o ending at the point 3, where
a, B € R. For n > Ny, define

f(u):Xlllxlll(u)"’_X[?“X]ll(u% (A R27

and
g(u) = X1} <1} (u) — Xpp+t xIll(“)v u e R%

We shall compute || f|| ¢z by considering three types of cubes whose intersections
with the support of f are nonempty.

Case 1: For Q with £(Q) < 1 such that Q NI} x I} # (), the cube @ which gives
the maximum value of m, ,(f; Q) is Q = I x I}. In this case,

m, . (f;Q) = 1.

Case 2: For Q with £(Q) < 1 such that Q N IT x I} # (), the cube Q which
gives the maximum value of m, ,(f; Q) is Q@ = It % I}, In this case,

m, . (f;Q) = 1.

Case 3: For Q such that Q N (I} UI) x I # ), the largest value of m, ,(f; Q)
is attained if Q) = IZLI X I;LLLHO‘, —n < a < 0. For such @ we have

1/p
Mo (F:Q) = Q|17 ( /Q If(u)”dU>

1/p
= |Q1/q—1/z)(/ 1pdu+/ 1pdu)
QNI xI} QNI <1}

=((n+ 1)2)1/‘1*1/1’21/17'
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From the three cases we see that
| fllamz = max{1, ((n + 1)2)Va-1/rol/ry,

Thus, since n > Ny, we obtain || f|| ez = 1.
Using the same argument, we get || fl|ymr =1, [|[gllae = 1, and [[g[|ar = 1.
Now define

(2.1) Flu,v) = f(u)f(v) and g(u,v) = g(u)g(v), u,veR”

By Lemma 1.1, we have

(2.2) I llaz vy = Iz [ f I =1
and
(2.3) 19l rzatmy = Nlgllaez lgllaar = 1.

We shall now compute ||f £ 7|y (ar) First, let u € R%. For v € It x If we have
(f + 9 (u,v) = f(u) - 1+ g(u) - 1= f(u) + g(u).
Therefore,

I+l = 1f +gllmg = 12x0 2 ag = 2.
Next, for v € R%\ (I} UI) x I} we get
(f +9)(u,v) =0,
so that
Hf +§||M§,u = 0.

For v € I""! x I} we compute

(f +9)(u,v) = fu) - 1+ g(u)(~1) = f(u) - g(u),
which gives

17 + otz = 1 = gllags = 1200t gy = 2

These cases can be summarized as

2
IF +3llagu= {2 vel™ xI

0, veR2\ (Fumth <,

= 2x1; 12 (V) + 2 3 (v) = 2f ().

veli x I,

)
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Hence, we have

(2.4) I1f +Fllae ey = NI +9) (o)l vrull vz o = 12F gz = 2.

A similar analysis holds for f —g. Let u € R2. For v € I x I} we have

(f =9 (u,v) = f(u) - 1=g(u) - 1= f(u) — g(u),
and so
17 = Flaaze = 1 = glladz = 1200001 ey = 2.

For v € R?\ (I} U I x I} we have

(f - §)<u7v) = 07
and so
1f = 3llmru = 0.
For v € I7"! x I} we have

(f = 9)(u,v) = f(u) -1 —g(u)(—1) = f(u) + g(u).
Therefore,
1f = 9llmew = 1f + gllae = 12x00 502 (Mg = 2.
The above calculations can be summarized as

2, vellxIi,

If =Fllmeu= 42 vellt xIi,
0, veR2\ (Fulth <,

=2X11x1} (v) + 2X1f+1><111 (v) = 2f(v).

Thus, we have
(2.5) I = llaz iz = ICF =D (w0 lmz ullmzo = 12f lae = 2.
By combining (2.2)—(2.5), we obtain that

C (MP(MT)) > ||?+§H3\/15(M§) + ||?_ §||3\4§(M§) 92 + 92 )
NJ 5)) = _ _ _ L,
q Q(Hf”?wf;wg) + HQH%AQ(M,;)) 2(141)

as desired.
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For the James constant, let f and g be functions as in (2.1). According to the
equations (2.4) and (2.5), we have

Cr(MGIME))

= sup{min{|[f + gl sz ), 1 = Gllazoun t: 1Lz = 181mzonn) = 13
= 2.

Finally, for the Dunkl-Williams constant, let f and g be functions defined by (2.1).
For § > 0, consider
w=(1+dh+ (1 -0k,
where h = f+g and k = f —g. We keep in mind that 1Al iz (ary = Nkl iz rary = 2
We shall prove that |[wl| ;z(aer) = 2 + 2. To do so, observe that
w=(1408)h+(1-=0)k=(1+8)(f+9)+(1—-6)(f—7) =2f+ 247,
whence
w(u,v) = 2f(u) f(v) 4+ 20g(u)g(v).
Let u € R%. For v € I} x I} we have
w(u, v) = 2f(u) - 1+ 269(u) - 1 = 2f(u) + 26g(u)
= 20xr e (W) + xgpn s (W) + 26Oy sy () = Xpper s ()
2+ 25)X111><Ill (u) +(2— 25)X1f+1 x I} (u)
2425, well xIi,
226, we Pt x1j,
0, we R\ (IJ Ut x 1}

Hence, we have
llw(w, v)|| pmr 0 = 2+ 26.
For v € R?\ (I} UI™) x I we have w(u,v) = 0, so that

[[w(w, )] pz 0 = 0

For v € I""! x I} we have

w(u,v) =2f(u) - 1+ 25g(u) - (—1) = 2f(u) — 20g(v)
=2(xn3 w1 () + Xppary p (W) = 26(xrprp (W) = Xppr 1 (w)
= (2=20)x1p w12 (uw) + (2+ 20)x 1, 1 (u)
225, wellxIi,
2426, we Pt x1i,
0, we R\ (IJ Uty x 17,
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for which we have
o (ut,v) gz = 2 + 26,

We conclude that

2420, vell xIf,
lw(u, v)[[pmru = 2+25, ve€ I{H'l x I,
0, ve R\ ([FUIMth) x I,
= (24 20)X13 13 (V) + (24 20) X1 1 (v) = (24 20) f(v).

Consequently, we obtain

||w||M§(M?;) = ||||w(u7U)HM§,u||M§,u =[[(2+ 25)f||M§
= (2+20)[ fllmz = 2 + 24.

Noting that h + k —w = 6(k — h), we compute

||h+k||X+|w||XH h+k  w H _2+2+26Hh+k_ w H
6|[k — hllx Ih+klx  fwlxlx — 0-2 2 2+0|lx
2460 |1+ 0)(h+ k) —w
S H 2+ 20 HX
2496 2490
= WHQMHX = mHkHX
4426
144

where X = MP(M?). Taking § — 0T, we obtain Cpw (MB(M?)) = 4.

2.2. The general case d > 1. Let us now investigate the general case, where
d > 1. Let Ny € N such that

No > max{29/(da=p) _ 1 gs/(d(s=r) _ 1},

Let I be defined as before and define (I2)? as the Cartesian product
(I =10 x ... x 17,

where «, 5 € R. Define

fu) = x(rya(u) + XIITL+1X(111),1_1(U), u € RY,
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and
g9(u) = X(Ill)d(u) - XIILHX(]ll)d—l(U% u € R

Next, we compute the norm of f by considering three cases of cubes whose inter-
sections with the support of f are non-empty. For the first case, that is, the cube @
with £(Q) < 1 such that QN (I1)¢ # ), the maximum value of m, ,(f;Q) is 1 and it
is attained when @ = (I})?. For the second case, that is, the cube Q with £(Q) < 1
such that @ N I x (I})?~1 # (), the maximum value of m, ,(f;Q) is 1 and it is
attained when Q = I7T! x (I})41.

For the last case, that is, the cube @Q such that Q N (IT U IP) x (I1)41 # ), the

d—1
largest value of m,, ,(f; Q) is attained when ) = Igill x 1 IZI}+O”, —n < a; <0.
For such Q, =1

1/p
mya(15Q) = Q[ () = 1yt

Therefore,
”f”/\/l{; = max{1, (n + 1)d)1/q_1/p21/p}.
Thus, by choosing n > Ny, we have ||f|[,¢ = 1. By the same reasoning, we get

[fllae = llgllmez = llgllmg = 1.
Let us now define

(2.6) f(u,0) = f(u)f(v) and g(u,v) = g(u)g(v), u,veRY,
so that

(2.7) IFlmzony = Il Ll =1

and

(2.8) 19l rzaemy = Nlgllaez lgllaar = 1.

As before, in order to calculate || f + gl oz (a17), one may observe that for u € R?

we have
27 v e (Ill)da

If+3lmre= 42 vell™ x(If)? 1,
0, veRI\([FUIPT) x (1)1,
= 2X(1)2 (V) + 2x 41 (1ya-a (V) = 2f (0).

Hence, we get

(2.9) I1f + Gl g = NG +9) (w0l agall vz o = 12f g = 2.
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Meanwhile, one may also observe that for u € R? we have
2, ve ()Y,
I =gllmru=§ 2 ve ™ x ()™
0, veRI\ (IFUIP™h) x (If)d-1,
= 2X(11)2 (V) + 2Xr 41 (g1)a-1 (V) = 2f (v).

As a result, we obtain
(2.10) I =Gz = NG =) (w0l atgull vz o = 12F i = 2.
From equations (2.7)—(2.10) we deduce that

C (MP(M’I")) > ||?+§Hi/{§(Mg) + ||? — g”.%\/lg(_/\/lz) B 22 I 22 ,
NJ S = p— — _ _ ,
g 2017154z (pary + 19130e (aar) SRS

as desired.
For the James constant, consider the functions f and g defined by (2.6). From
equations (2.9) and (2.10) it follows that

Cy(MGME))
= sup{min{|| f + gl mzranys 1F = Gllaeoun Iz = 19z oun = 13
=2.
To compute the Dunkl-Williams constant, let f and g be as in (2.6). For § > 0,

define
w=(1+d§h+(1-90)k,

As in the case, where d = 2, we claim that [[w|| sz (aqry) = 2 + 20. First, one may
observe that
w= (1+8)h+ (1-0)k=2f + 2657,
whence
w(u,v) = 2f(u) f(v) + 209 (u)g(v).
Now let v € R%. For v € (I})¢, we have
w(u,v) = 2f(u) + 269(u)
= 2(X(Ill)d(u) + X]fﬂx(q)dfl(u)) + 25(X(I{)d(u) - X]f“x(q)dfl(u))
2+25, we (I},
=02-25 well™ x (I},
0, uwe RN (IF U Ity x (111,
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This implies that
ety 0) |tz = 2 + 26.

For v € R\ (IT U I x (1), we have w(u,v) = 0, so that
[w(w, V)| a0 = 0.

For v € I x (I})4~!, we have

w(u,v) = 2f(u) — 26g(u)
= 2(X(Ill)d(u) + X]fﬂx(q)dfl(u)) - 25(X(I{)d(u) - X]f“x(q)dfl(u))
225, wue (I},
= 2+25 we Il x ()T,
0, u e RN (IF U Ity x (111,

It follows that
lw(u, v)|| pmr 0 = 2 4 20.
We summarize that

2425, ve ()
|w(w, v) | pmru = § 24+20, ve I (et
0, veRY\ (IT UL x (11)471),

= (2 + 25)X([11)d ('U) + (2 + 26)XI{1+1X(111)(1_1 (’U) = 2 —+ 2(5)f(’l})

As a consequence, we get

[wllmg gy = (s o)z ull g0 = 2+ 20) [ fllmg = 2+ 26,

as claimed.

Therefore, as in the case where d = 2, we obtain

|h+kllx+llw|xH h+k  w H 4426
Sk =hllx NI+ Elx  llwllxllx 1467

where X = MP(M?7). Taking § — 0T, we get Cpw (ME(M?)) = 4 as expected.
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