BOUNDEDNESS OF THE HARDY-LITTLEWOOD MAXIMAL
OPERATOR, FRACTIONAL INTEGRAL OPERATORS, AND
CALDERON-ZYGMUND OPERATORS ON GENERALIZED
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YUSUF RAMADANA! AND HENDRA GUNAWAN?:*

ABSTRACT. In this paper we investigate the boundedness of three classical
operators, namely the Hardy-Littlewood maximal operator, fractional integral
operators, and Calderén-Zygmund operators, on generalized weighted Morrey
spaces and generalized weighted weak Morrey spaces. We prove that each of
the three operators is bounded on these spaces under some assumptions.

1. INTRODUCTION

We shall discuss the boundedness of three classical operators, namely the
Hardy-Littlewood maximal operator, fractional integral operators, and Calderén-
Zygmund operators, on generalized weighted Morrey spaces. Throughout this
paper, we denote by B(a,r) an open ball centered at a € R™ with radius r > 0.
For a set E in R", we denote by E° the complement of E. Moreover, if F is a
measurable set in R”, then |E| denotes the Lebesgue measure of E. The Hardy-
Littlewood maximal operator M and fractional maximal operator M,, where
0 < a < n, are defined by

1 n
Mf(z) = SUPW/B(”) |f(y)ldy, xeR",

r>0

and
e [ Ifldy, R
B(z,r)

for locally integrable functions f on R™. It is well-known that M is bounded on
Lebesgue spaces LP = LP(R") for 1 < p < oo, and from L! to the weak Lebesgue
space WL = WLYR"™), see e.g. [3, 20, 22].

For 0 < a < n, we also know the Riesz potential or the fractional integral
operator I,, which is defined by

I.f(x) ::/]R &dy, z € R",

n |z =y
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for suitable functions f on R™. The operator I, is bounded from LP to L9 for

1 <p<ooand % = % — 2 see e.g. [22]. Since from the definitions we have
Mo f(x) < Culo(|f)(2), =€ R, (1.1)

where C), is the Lebesgue measure of the unit ball in R", it thus follows that the
operator M, is also bounded from L? to L? for 1 < p < oo and % = i -

The next operator that we discuss is the Calderén-Zygmund operator. Let
T = Tk be a linear operator from the Schwartz class S = S(R") to &’ which is

L?*—bounded and, for each f € C°(R"), we have

Tf(x):= | K(z,y)f(y)dy, = ¢supp(f),

R

where K = K(-,-) is the standard kernel defined on R"™ x R™ except for the
diagonal {(z,z) : x € R"} with the following properties: there exists a constant

A > 0 for which

|K(z,y) T # Y,

< =
= |z =yl
and, for some ¢ > 0,
Alz —2'|°

(Jz =yl + |2’ —y[)n+o’

1
|K(z,y) = K(2',y)| < [ —a'| < 5 max(|e =yl [+" —y])

and
Aly—y'|°

KI,y —KLCU/ S )
Kwy) =Kol < e — g

1
ly—y'| < 3 max(|z —yl, |z —y']).

The operator T is called the Calderén-Zygmund operator, which was introduced
by Coifman and Meyer in 1979 [3]. The operator is bounded on L for 1 < p < 0o
and from L' to WL [3].

Let us now discuss about Morrey spaces that we shall work on. For 1 < p < oo
and 0 < A < n, the classical Morrey space MP* = MPA(R"), equipped with the
following norm

1
1 »
T 7< / !f(x)\pd:c) <
a€R?,r>0 T B(a,r)

was first introduced in [14]. The same space may be denoted by M? = MP(R"),
equipped with

1 ,
fllag = sup —(/ If(:r)l”drc)
a€R™ r>0 ]B(a,r)|1’ q Bla,r)

—
= sup ———1 1 l/llLr(Bar
ac® >0 | B(a, 7)|7 1 e
where 1 < p < ¢ < 00, as used widely in, for examples, [10, 12, 20]. Note that
if we set p = ¢, then M¥ = LP. In companion with M?¥, one may also define the
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weak Morrey space WM?E = W MP(R") to be the set of all measurable functions
f on R™ such that

1
||f||WM§,’ = Sup /7171 “fHWLP (B(a,r)) < 00,
a€R™,r>0 |B(a r)’p q

where ||f|lwrr(B@r) = supy|{z € Bla,r) : |f(x)] > ~}|"P. The last two
¥>0

definitions were used in, for example, [11].

According to [6], T"is bounded on M for 1 < p < ¢ < oo and is bounded
from M{ to WM for 1 < ¢ < oo. In addition, M is bounded on MY for
1 < p < g < oo and is bounded from M{ to WM for 1 < ¢ < oo [2]. Moreover,
I, is bounded from one Morrey space to another under certain conditions [I, 18].

In [13, 17], the Morrey space M? was generalized to M}, = M} (R"), which

consists of all locally integrable functions f on R™ such that the norm
1

ez = 50 ey [ Pae) < o0

Here ¢ is a function from (0,R"™ X oo) to (0,00) satisfying certain conditions.
Moreover, the weak generalized Morrey space WM, = WM, (R") where 1 <
p < oo was defined as the set of all functions f for which there exists a constant
C > 0 such that

~
——WH{x e B:|f(z)| > <(C
¢<B)!{ [f ()] > 7}
for every ball B = B(a,r) and 7 > 0. We can see that if we set ¢(B(a,r)) =
|B(a,r)|'"% where 1 < ¢ < oo, then M?, = MP. In [17], Nakai investigated the

sufficient conditions on the function v to ensure the boundedness of the operator
M, T, and I, on these spaces. Similar results are obtained by Mizuhara [13],
where 1 was assumed to be a growth function satisfying doubling condition with
a doubling constant 1 < D = D(v) < 2™.

In [9], Guliyev defined generalized Morrey spaces ./\/lp = M‘Z(R”) with the
norm

fllame = sup flle
g = s 1l
and also defined generalized weak Morrey spaces WMZ) = WMZ)(R”) with the
norm

P S
||f||WM¢ aeR”€>0 ( )

In contrast with Nakai’s approach, Guliyev did not use the doubling condition to
prove the boundedness of the operators M and T on these spaces. Furthermore,
Guliyev also investigated the boundedness of M and T from M} to MY for
1 <p < oo, and from Mél to W/\/léb for p = 1, for some functions ¢; and ¢5 on
R™ x (0,00). To be precise, he obtained the following theorem.

Theorem 1.1. [9] Let 1 < p < oo and the functions ¢1(a,r) and ¢a(a,r) satisfy

/ ¢1at—<C¢2(a7’)

B(a,r))-
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for every (a,r) € R" x (0,00) where C' does not depend on a and r. Then, M and
T are bounded from /\/lls51 to /\/122 for 1 < p < oo and are bounded from M}bl to

WM. .

Similar to Guliyev’s definitions, we may also defined the generalized Morrey
space M7 as the set of all locally integrable functions f on R such that ||f||Mg

is finite where

p = sup )|[Pdx ’
71l aeRWm(ar (\Bar\/m ?) )

= sup Tl fllees
a€R,r>0 <b(a,r) \B(a r)|»

for 1 < p < oo and a positive function ¢ on R" x (0, 00). Moreover, we may also
defined generalized weak Morrey space ./\/lf; as the set of all locally integrable
functions f on R™ such that || f||y wmp < 00 where

: 171
sup WLP(B(a,r
acwnr>0 9(0,7) | B(a, r)yi )
The purpose of this article is to investigate the boundedness of M, I,, and T
on generalized weighted Morrey spaces and weighted generalized weak Morrey
spaces The spaces were defined by simply replacing |B(a,r)| with w(B(a,r)) :=
i) Bla x)dx for some weight function w which we shall discuss in the next

1l =

sectlon Our results, which are presented in Section 3-5, generalize the previous
results obtained by Guliyev.

2. A, WEIGHTS AND GENERALIZED WEIGHTED MORREY SPACES

In this section, we discuss A, weights, weighted Lebesgue spaces, and weighted
Morrey spaces. We also present the definition of generalized weighted Morrey
spaces, generalized weighted weak Morrey spaces, and some lemmas that we
shall use to prove the main results about the boundedness of the three classical
operators on generalized weighted Morrey spaces and generalized weighted weak
Morrey spaces.

A weight w is a non-negative locally integrable function on R"™ taking values
in the interval (0,00) almost everywhere. The weight class that we use in this
article is the Muckenhoupt class A, (see, e.g, [7]).

Definition 2.1. For 1 < p < 0o, we denote by A, the set of all weights w on R"
for which there exists a constant C' > 0 such that

1 1 1 p—1
L L —p <
(|B<a,r>| B@,r)w(x)dx) (|B<a,r>| e d“’) =¢

for every ball B(a,r) in R". For p = 1, we denote by A; the set of all weights w
for which there exists a constant C' > 0 such that

z)dx < C -
a?‘\/m % ||| Lo (B(ar))
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for every ball B(a,r) in R™.

Remark 2.2. The last inequality is equivalent to the following

—1 —
(BT e 0489) A0 i < ©

for every ball B(a,r) in R™.

Theorem 2.3. [7] For each 1 < p < 0o and w € A,, there exists C > 0 such that
p
o) o (12)
w(E) |E]
for every ball B and measurable sets EE C B where
w(B) = / w(z)dz.
B

Associated to a weight function w € A, with 1 < p < oo, we define the weighted
Lebesgue space LP" = LP*(R™) to be the set of all measurable functions f on
R" for which

| fllzew = /Rn |f(z)[Pw(x)dr < oc.

In addition, we denote by WLPY = WLP"(R™) the weighted weak Lebesgue
space that consists of all measurable functions f on R"™ for which

[ Fllwinas = supyu({as € " |f(2)] > 7)) < oo.
>

Notice that if w is a constant function a.e., then we have that LP" = LP and
WLPY = WLP. We note from [7] that w € A, if and only if M is bounded on
LP¥ for 1 < p < oo and w € A; if and only if M is bounded from L'* to W LH¥.

Related to the fractional integral operator /,,, we have another class of weights

A

Definition 2.4. [16, 20] Let 1 < p < ¢ < oo and p’ satisfies 1/p+1/p' = 1. We
denote by A, , the collection of all weight functions w satisfying

@ 1 ,
qu) (— w(z)™? d;v) <C
(rBarr/ o) Bla )] Joar "

for every (a,r) € R" x (0,00) where C' is a constant independent of a and r. For
p =1and ¢ > 1, we denote by A; , the collection of weight functions w for which
there exists a constant C' > 0 such that

1/q
x)d <C ~(Blar

for every (a,r) € R™ x (O 00)

p,q-

Y e

One may observe that w € A, , if and only if w? € A,y for 1 <p < g < oo
(see [5]). Moreover, we have the following proposition.

Proposition 2.5. Let 1 <p < g<oo. Ifw € A,,, then w? € A, and w? € A,.
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Proof. First suppose that w € qu, where 1 < p < ¢ < oo. Then,

) -p <
<|Bar\/m dy) <|Bar\/m dy) =¢

for every (a,r) € R™ x (0,00). Since, by Hélder’s inequality,

(1, ) = (i . wo7e)

we obtain

S

(—
and p - L

1

for every (a,r) € R™ x (0,00), which tells us that w? € A,,.
Next, if w € Ay, for 1 < ¢ < oo, then

1

1 7
- “e ) < Cl\wl| oo Brasr
(|B(a Y B(M)w(l’) ﬂf) < Cllwl| e (B(airy)

for every (a,r) € R™ x (0 o0). By Holder’s inequality, we have

d <O Rl a,r
|B a, T |/ar v ||w||L (Bl

This means that w € A;.
Finally, to show that w? € A, for 1 < p < g, we observe that ¢’ < p/, and hence

‘ 1 SN\

ran) (i Lo, w0 )
(|Bar|/m> Blar)] Joen "

q ! —p < .

(|Bar|/m dy) (|Bar|/m dy) =¢

(One should interpret the above inequality appropriately for the case where p =
1.) Taking the ¢-th power, we obtain

(!BTlﬂ“N L )qdy) (\B (a,7) |/w " 1dy)q1 <c,

whence w? € A,, and so the proof is complete. O

3

We rewrite the following results of Muckenhoupt [15] for M, Muckenhoupt and
Wheeden [10] for I, Coifman and Fefferman [1], Garcia-Cuerva and Rubio de
Francia [7], and E. Sawyer [21] for T" on weighted Lebesgue spaces:

Theorem 2.6. [7] Let 1 < p < oo. Then, M is bounded on LP" if w € A,.
Moreover, M is bounded from LY to WLYYW if w € A;.

Theorem 2.7. [16] Let0 < a<n,l <p<n/a,1/g=1/p—a/n, andw € A,,.
Then, the operator 1, is bounded from LP*" to L¥™". Moreover, if w € Ay, with
1/qg=1—a/n, then I, is bounded from LY to W L&Y,
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Theorem 2.8. [1, 7, 21] Let 1 < p < oco. Then, T is bounded on L*" if w € A,
and 1 < p < co. Moreover, T is bounded from LY to WL if w € A;.

We now present the definition of the generalized weighted Morrey spaces and
the generalized weighted weak Morrey spaces which will become the spaces of our
interest in this article.

Definition 2.9. Let 1 < p < oo,w € A,, and ¢ be a non-negative function on
R™ x (0,00). The generalized weighted Morrey space My;" = My;"(R") is the set
of all functions f € L such that

loc

1 1 ) Hp
||f||./\/li’w = a€§3}3>0 w(a7r) (’I.U(B(a;,’f’)) /B(aﬂ«) |f(x)| w(l')d{[)

1
" b | Fll Lo (Bagy) < 00
ackn >0 Y(a,r) w(B(a, 7’))% (B(a,r))

Definition 2.10. Let 1 < p < oo,w € A,, and 9 be a non-negative function
defined on R™ x (0, 00). The generalized weighted weak Morrey space W/\/lfb’w =
WM (R") is the set of all functions f € L} such that

1 Y 1
f pw = SUp Sup w{x € R" . |f(x)| > ~v})r
s = s sup o ulfe € R £ > )
1
= sup 71 fllw e ) < oo

ackr >0 V(a,7) w(B(a,r))»
Note that if we set w to be constant a.e., then My" = MY and WM"Y =

WM. Moreover, if we set 1(a,r) = |B(a,7’)|_$ and w is constant a.e., then
M;" is the classical Morrey space M? and WM™ is the classical weak Morrey
space WM?.

With Definitions 2.9 and 2.10, we shall investigate the boundedness of the
classical operators: the Hardy-Littlewood maximal operator, the fractional in-
tegral operators, the fractional maximal operators, and the Calderén-Zygmund
operators on those spaces in the next section.

We end this section with lemmas which will be used later in proving our main
theorems.

Lemma 2.11. Let ¢ be a non-negative function on R™ x (0,00) such that the
map r — @(a,r) is increasing for each a € R". Let w € A, where 1 < p < oo.
Then, for every ball B(a,r), we have

ola,r) < Cw(B(a,r))% sup !

ro(as)
r<s<00 w(B(a7 5))5 4

and

3=

pla,r) < Cw(Bla,r)) /°° mw(a, 8)%

where C' > 0 s independent of the function ¢, a € R™ and r > 0.
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Proof. Let a € R™ and r > 0. By Theorem 2.3 and the fact that the s — ¢(a, s)
map is increasing for each a € R", we have

w(B(a,r))% sup ;@(a,s): sup —w(B(a,r)

. (a,s
r<s<oo U}(B(Cl, S))E T<s<o0 w(B(a, 5)) ’ )

~—
S IR E

n

> C sup r—cp(a T)

r<s<oo s"

= Cy(a,r).

Moreover,

ropn ds
> =2
= ¢ / 2y )5

=Cy(a,r).
Therefore,
1 1
pla,r) < Cw(B(a,r))» sup re(a, s)
r<scon w(Bla, )
and
v [ 1 d
plar) < CuBlan) [ — 2 plan) T,
r w(Bla,s)r 8
which proves the lemma. O

Lemma 2.12. Let 1 < p < oo and w € A,. For each (a,s) € R™ x (0,00), we
have

C
PIdy < ————|fllerwp@sy, | € Lge
(a,s) |/as w(B(a,s))% i) :

where C' is constant independent of a,s and f.

Proof. First, consider the case where 1 < p < oo. By using Holder’s inequality,
we have for every a € R"” and s > 0,

1
|B(a’7 5)| B(a, s)

_w(Bla,s))r 1 w(y)?
~ |B(a,s)| w(B(a,s)) /B(a,s) ) W

)
((Z j))l) w(B(clz, 5)) (/B<a,s> I/ (y)|pw(y)dy)

| f(y)|dy

3 =

IN

w(
|

B
B

Sl
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From the previous inequality and using the assumption that w € A,, we have the
following inequality

/ y)ldy
CL 8 | (a,s)
1 1
- ( / i) (g o)
‘B a,s | (a,s) |B(CL, S)| B(a,s)

o m (/ Pt iy

TR @ e (f y PPl :

C
= ————— [ fllzrw s
w(B(a, s))»

IN

This proves the case where 1 < p < o0.
For p = 1, we use Holder’s inequality and the assumption that w € A; to get

/ y)ldy
CL S | B(a,s)

w(Blas) 1 w(y)
Bla )| w(Bla,5)) /B(a , Wl ®
1

w(B(a,s)) |
COSIEY [ 1@y o~ o

1
- o0 - o—_— d
o |/as )y o™ e g ) /B(a’s) f@W)|w(y)dy

< B Jo, O
C
= m”f”mw(f;(
as desired. 0

Corollary 2.13. For each 1 < p < oo and w € A, there exists C' > 0 such that
for every a € R™ and r > 0, we have

00 ds
/ |f ()] dy < C/ w(B(a,s))” P||f||pr(B(a ) fe Lloc.
R T

"\ Blayr) [@ = Y["
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Proof. Let a € R™ and r > 0. Then, by Fubini’s Theorem, we have

f * 1ds
/ D=l [ S
R”\B(a,r) ‘CL - y| la—y| S S
1 ds
/ /" F)ldy=2
(a,s)\B(a,r) s* 8

ds
go/-——— FldyS.
r |B(a78)| B(a,s) S

Hence, it follows from Lemma 2.12 that

|f ds
/ e[ o £l
R™\ B(a,r) |CL y| CL S | B(a,s)

1 ds
gc/ ey =,
r w( S

Bla, s))7

as claimed. ]

3. HARDY-LITTLEWOOD MAXIMAL OPERATOR ON GENERALIZED
WEIGHTED MORREY SPACES

In this section, we prove the boundedness of the Hardy-Littlewood operator
M on generalized weighted Morrey spaces and generalized weighted weak Morrey
spaces. Keeping in mind Theorem 2.6, we have the following results.

Theorem 3.1. Let 1 <p < oo,w € A,. Then, for every a € R" and r > 0,
IMfleiiary < Creo(Bla,r)e sup w(B(a,0) |l | € L
for1l <p< oo, and
M f s pany < Cow(Bla,r) sup w(Bla,t) Iflpvsn. | €L
where C7 and Cy are constants that do not depend on f,a, and r.

Proof. Let a € R™ and r > 0, and write f in the form of f := f; + f, where
f1 = f - Xp(az2r). Assume that 1 < p < co. Since w € A,, M is bounded on L.
Thus,
M fll 2o Bam) < M fillewsam) + 1M fallew (@)

and

M fillLewBary) < 1M fillew < Cllfillzee < C|l fllzewBa2r)-
We can see that the map 7 — || f|| Lrw(B(a,2r)) 18 increasing for each a € R". Then,
by Theorem 2.3 and Lemma 2.11,

1 1
1M fil[zew(Bary < Cw(B(a,r))? sup TR 1 Nl o (Ba,t))-
r<t<oo w(B(a

Let z € B(a,r). If y € B(x,t) N B(a,2r)°, then r = 2r —r < |y — a| — |a — z| <
ly — x| < t. In other words,

/ [f(y)ldy =0, t<r
B(z,t)NB(a,2r)c
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Moreover, |y —a| < |y — z| + |z — a| <t +r < 2t. It then follows that

M fo(x)

: /
= SUp 7 J2(y)|dy
>0 |B(z,1)] B(x,t)| (V)

1 1
< mae ((sup —L— / F@)ldy, sup ———— / |f<y>|dy)
( |B(x, )| BBz o<t<r |B(x,1)| o0

t>r
i) Fy)ld
= sup y)lay
>r | B, )] JBannBazne
< SUp |f(y)ldy
t>r |B([L’, t)| B(a,2t)

1
—copi [l
2 B0 )] o !
1

< Csup ————— || fllrw(Bas))-
t>r w(B(a,t))?

and

M fy(x) < C sup w(B(a,t))_%||f||Lp,w(B(a,t)), z € B(a,r). (3.1)

r<t<oo

Hence,

1 1
1M fol| o (Bary < Cw(B(a,r))r sup w(B(a,t))"# || fllLrwpan,

r<t<oo

and so we conclude that
1

| M f|Lpw(B(ayyy < Crw(B(a,r))? sup w(B(a,t))” 7| f|lLrwBas)-

r<t<oo
Assume now that p = 1. Thus,
M fllwirw e <2 (1M fillwiiesar) + 1M f2llwiiesan)) -
Since M is bounded from L% to WL, we have
M fillwerwary) < 1M fllwene < Ol fillpre = Ol f |l pow(Ba2r)-
Theorem 2.3 and Lemma 2.11 then imply that

||Mf1||WL1vw(B(a,r)) < Cw(B(a,r)) sup w(B(a, t))_lnf”lewB(a,t)'

r<t<oo
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On the other hand, we can see that (3.1) also holds for p = 1 which implies the
following estimates.

1M Follwrresary = supywi{z € Bla,r) : [Mf(w)] > 7})
g

= supy /
>0 J{zeB(a,r):|M f2(x)|>}

s[%ﬂmwx@muwx

w(x)dx

S C/( ) Sup w(B(a’t))_lHfHLl’w(B(aﬂf))w(x)dx
B(a,r

r<t<oco
— Cu(Bla, ) sup w(B(a,t) ™l @
Therefore,
[ M fllwriw B < Cow(B(a,r)) Ti?fww(B(aa £)7H I fll o (Bat)
and this completes the proof of Theorem 3.1. O

The following theorem is one of our main results.

Theorem 3.2. Let 1 < p < oo,w € A,, and M be the Hardy-Littlewood mazimal
operator. Suppose that 1y and 1y are two positive functions on R™ x (0, 00)
satisfying

sup Y1(a,t) < Cihy(a,r)

r<t<oo

for every (a,r) € R" x (0,00), where C' is a constant that does not depend on a
and r. Then,

(1) M is bounded from MY" to MY for 1 < p < oc.
(2) M is bounded from /\/liblw to W/\/l:/,;”

Proof. First, assuming that 1 < p < oo, let f € M}, By using Theorem 3.1 and
the hypothesis about 1, and 5, we get

1 1
IM fllagze = sup w(B(a,r))”? | M fllLew(Bar)

ac€R™ r>0 ¢2 (CL, T)

1 1
<C su sup w(B(a,t)) » pwB(a
SC sup s S (B(a, 1)) # |flzrw Bas)
1 Uy (a,t _1
=C sup sup Mw(B(&,t)) 2| f Lo (Ba)

ackn >0 V2(a, 1) r<t<oo Y (a,t)

S C Sup Sup 1/] a,t f -
a€R™,r>0 w2<a7 7“) r<t<oo 1( )H ”Mwl

=C pw  SU su a,t
”f”M‘”l aeR",E>0 ¢2((1, 7“) r<t<poo wl( )

< Ol ll ez
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Therefore, we conclude that M is bounded from Mﬁlw to Mi;“

Next, let p = 1 and f € ./\/l}mw By using Theorem 3.1 and the hypothesis
concerning 1, and vy, we get

1 _
[ M flly pgrw = sup w(B(a,r) M fllwriw s
Y2 a€R” r>0 192( )
1 _
<C sup sup w(B(a,t)) 1HfHL1awB(a,t)

a€R™ r>0 ¢2( ) r<t<oo

o I/JI (a7 t)
=C s S

<C sup sup Y Tl gt
a€R” r>0 wQ( )r t<oo 1( )” HM¢1

a, 1)) B

=C w  SU su a,t
||f||M11/’1 aGR”I:>O ¢2( ) 7"<t<poo ¢1( )

< Oy

Therefore, we conclude that M is bounded from /\/l to WM w, and this com-
pletes the proof of Theorem 3.2. |

Let a € R". Consider the function t — ;(a,t) on (0,00) by ¥ (a,t) = n where
t = 1/n for some n € N and ¢(a,t) = te™" for otherwise. We also consider the
function t — o(a, t) by ¥s(a,t) = e™* for every ¢ > 0. We can see that

o dt
/ Y1(a, t)7 < y(a,r)
for every (a,r) € R™ x (0,00), but there is no C' > 0 such that
sup ¢ (a,t) < ¥y(a,r)

r<t<oo

for every (a,r) € R™ x (0, 00). Hence, we also investigate the condition
y g

/00 ¢1(a,t)% < Cihs(a,r)

for the boundedness of the Hardy-Littlewood maximal operator and obtain the
following results.

Theorem 3.3. Let 1 < p < 00 and w € A,. Suppose that 11 and )y are positive
functions on R™ x (0, 00) satisfying

/ ¢1at—<0¢2(a7“)

for every (a,r) € R" x (0,00) where C is a constant that does not depend on a
and r. Then,

(1) M is bounded from M" to MY for 1 <p < oc.

(2) M is bounded from ./\/liblw to WM};



14 Y. RAMADANA, H. GUNAWAN

Before we present the proof of Theorem 3.3, we prove the following theorem.

Theorem 3.4. Let 1 <p < oo and w € A,. Then, for every a € R" and r > 0,

o0 _1 ds ;W
| B ) il e LEE

B =

HMf”pr B(ar)) < Crw(B(a,r))

for1l <p< oo, and

o ds w
HMfHWLW(B(a,r))SCzw(B(aaT))/ w(B(a, $)) I flpwep@an—>  f € Lie,

where Cy and Cy are positive constants that are independent of f, a, and r.

Proof. Given a € R™ and r > 0, we write f := fi + fo where f; := f - Xp(a2r)-
Then, by Theorem 2.3, Theorem 2.6, and Lemma 2.11,

| M fill e Bary) < Ol f|lrwBam)
, [ ds
SOwwmmnﬁ/ w(B(a,)) P v o

for 1 < p < co. Meanwhile, for p = 1, we have
||Mf1||WL1»“’(B(a,r)) < CHJFHLW(B(aﬂ"))

< CulBlan) [ w(Bles) s

Regarding fs, for every z € B(a,r), we have

ds

M fy(x) < Csu / dy,
faw) < t>£) (a,2)] B(a,2t) )ldy
so that we get
M fo(x) < C'su / )|d
f2<>— t>2€|BCLt| Bla) |y
Hence,
1
M fo(x) < C'sup —1HfHva

= w(B(a, t))?
for 1 < p < oo. Therefore,

00 ds
wawgcmm/ w(B(a, )7 fll o pasy
t

t>r
ds

> 1
< [ B s) F e ma

for every x € B(a,r). It thus follows that

1 [ ds
| M fol| o (B(ar)) SClw(B(aﬂ”))”/ w(B(a,s))” P||f||pr(B(as)) .

for 1 < p < oo and

M fallw sty < Cau(Blar)) [ w(Blas) I lwia
This proves Theorem 3.4. O

ds
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Now, we are ready to prove Theorem 3.3.

Proof of Theorem 5.5. First, consider the case where 1 < p < oo. Given f €
EZI“’. By using Theorem 3.4 and the assumption concerning v; and 3, we get

_1
M fllagze = sup w(B(a,r))"#[[MflLrw(Bar)

a€R™ r>0 ¢2 ( )

< sw s [ 0B ) o
ICaeasfswér TWEZ’?W Doty
= Cliflons 320 / e

< Ol ll ez

Therefore, we conclude that M is bounded from M to M.

Now let p = 1 and suppose that f € ./\/lllﬁz” By using Theorem 3.4 and the
assumption concerning v; and 1), we get

1
M Lw = SUp w(B(a,r)) Y| M Lw(Blar
M agy = s (Bl ) M fllw ooty
1 & B ds
<C sup / w(B(a,s)) " fllzrw (Bas) —
aER"r>O¢2( ) r S

ds

¢ oap W“’S)w( B(a, )™l oty

a€R™,r>0 ¢2(6L T) r ¢1( )

< C sup / a, s 1w
sup [
- C w
Wl 0 oy | 90
< Ol

Therefore, we conclude that M is bounded from /\/l}/}:” to WM}Z);U This completes
the proof of Theorem 3.3. O

4. FRACTIONAL INTEGRAL AND FRACTIONAL MAXIMAL OPERATORS ON
GENERALIZED WEIGHTED MORREY SPACES

In this section, we prove the boundedness of the fractional integral operator
1, on generalized weighted Morrey spaces and generalized weighted weak Morrey
spaces. The results then imply the boundedness of the fractional maximal oper-
ators on those spaces. As an application of Theorem 2.7, we have the following
results.
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Theorem 4.1. Let 0 < o < n,1 < p < n/a,1/qg=1/p—a/n, and w € A,,.
Then,

FI _1 ds
||Iaf||Lq»“’q(B(a,r)) < Cyw(B(a,r))* / w!(B(a, s)) q||fHLvap(B(a,S))?a
for every a € R" r >0, and f € L} where 1 < p < 0o, and
1 [ _1 ds
H[af“WLq’“’q(B(a,r)) < Coyw?(B(a,r))s / w!(B(a,s)) Hf”Ll’w(B(a,s))?’

for every a € R™ r > 0, and f € Lllojf. C1 and Cy are constants that do not
depend on f,a, and r.

Proof. Given a € R™ and r > 0, we decompose the function f as f := fi + f,
where f1 := fXB(a,2r), S0 that
[af(x) - ]af1<x> + Ian(ZL’).
Suppose that 1 < p < n/a. By Theorem 2.7, I, is bounded from LP*" to L9,
Hence,
||I f1||quq B(a,r)) < ||] f1||quq < O”leLPwp C“fHLvap(B(a,Qr))'

Since w € A, it follows from Proposition 2.5 that w? € A,. We see that the
map 7+ || f |l ewr (a2 is increasing for each a € R", and so by Theorem 2.3
and Lemma 2.11 we have

1 [ 1 ds
[ Lo f1 ]| L Sowq<B(aaT))q/ w!(B(a, s)) quHLP’wp(B(a,s))?

Next, we obtain the same estimate for I, fo. For this, we observe that

Lpei< [

y’n «

The inequalities |a — z| < r and |z — y| > 2r implies

1 3
sla—yl<lz—yl < Fla—yl.

Then,
/()]

a — |na

|1, fa(x)| < C’/ dy, z € B(a,r).
B(a,2r)°

By Fubini’s theorem,

I, fo(z)| < C’/ |f(y)]

B(a,2r)° |CL - y|n—a

> 1 ds
e / )] / n_a—dy
(a,2r)c la—y| S §

= 1_1 fy dy—
/r |B(a, s)|1+575 /B(a,S)l ) 5
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Next, by Hélder’s inequality and the assumption that w € A, ,, we have

| (y)ldy
|B(a, s)|"*e /B<a,s>

[f(y)lw(y)
T Sy

< 11 p pd ’ —P'd ?
= Bl (/B(a,s) | f(y)[Pw(y) y) (/]B(M)w(y) y)

_1 1
= wI(B(a,8) 5 s o) (m -

1 / IR
X | —— w(y pdy)
<|B<a,s>1 oY)

1
< Cw'(B(a,s))” || fllrwr (Ba,s)-

w(y)"dy)

Hence,

> 1 ds
L@ SC [ w(Ba9) I e s @ € Blar),

and this implies that

FRY _1 ds
e folzons sy < Cut(Bla)s [ (Bl s) 1 v oasn

Therefore,

ds

1 [ _1
”Iaf”Lq’wq(B(a,r)) SClwq(B(a,T))q/ w?(B(a, s)) quHLP’“’p(B(a,s))?'

Next, we prove the case where p = 1. Note that

HIOffHWLq’“’q(B(a,T)) <2 (HIOéfll‘WLq’wq(B(a,r)) + ”[OéfQHWL‘I’wq(B(a,r))) :
By Theorem 2.7, we have

||]0éf1||Wquwq(B(a,r)) < HIafl”Wquwq < CHIalelew = CH]af”le“f(B(a,?r))'

Since w € Ay, it follows from Proposition 2.5 that w? € A,. By the same
argument as for the case p > 1, we obtain

1 [ 1 ds
H]a.fIHWLq’wq(B(a,r)) < Cw?(B(a,r))s / w!(B(a, s)) quHLl,w(B(a,s))?'
As for fy, we have

|1, fa(z)| < C’/ Mdy, x € B(a,r),

B(a,2r)c | — y‘nfa
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and so, by Fubini’s theorem, we obtain

Lafalx)| < C Wl

R7\B(a,2r) |CL - y|n—a

1 ds
S L =
B(a,2r)° la—y| S7
_g/ / F y_
B(as\B a,r) ‘B a S)|1_7‘ ( )’

:/,« |B(a,s)|% /B(as Iy )’dy_

By Holder’s inequality combined with the assumption w € A, , and the fact that
q > 1, we get

1
S d
TR / Wl
1 w(y)
< lt2
< /B(M) F@)| 28 g,

_1
=Bl oo sy

< Cw(B(a,s)) || fllLrw(Ba.s)-
Hence, for x € B(a,r),

e 1
I, <C — T dy—
L@ <c [ e S)|/B(w)! Wy,
d
<C/ w!(B(a,s))” q||f||L1w Bla,s)) °

and

1
HIOéf?HWLq»wq(B(a,r)) = SUISWUQ({x € B(a,r) : [Iafa(z)| > 7})"
>

1

q
= sup vy (/ w(x)qu)
>0 {zeB(a,r):|Ia f2(z)|>7}

q
< sup (/ |faf2(y)|qw(y>qdy>
>0 {zeB(a,r):|Iaf2(x)|>7}

- (/B(w) !Iafz(y)lqw(y)qdy>i

L[ 1 ds
< Cw'(Bla, )} / wI(B(a, 8)) 8| fll e (asy) —
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Therefore,

1 [ ds
||[Oéf||Wquwq(B(a,r)) < Cow?(B(a, 7’))‘1/ w!(B(a,s))” : ||f||L1w(B(a N

This completes the proof of Theorem 4.1. O

The following theorem is our main results concerning the boundedness of
the fractional integrals on generalized weighted Morrey spaces and generalized
weighted weak Morrey spaces.

Theorem 4.2. Let 0 < a < n,1 < p <n/a,1/qg=1/p—a/nw € A,,, and
I, be the fractional integral operator. Suppose that 11 and 1y are non-negative
functions on R™ x (0, 00) satisfying

dt

/OO wBa ) 0% < Cnfa,r)

wi(B(a,t))

Q=] Y=

for every (a,r) € R™ x (0,00), where C' is a constant that does not depend on a
and r. Then,

1) I, is bounded from MZ™" to M%™" for1 < p < .
1 2

2) 1, is bounded from MY to W MZ™".
1 2

Proof. First, we prove the assertion for 1 < p < n/a. Let f € MZ’IUP. By using
Theorem 4.1 and the assumption on v¢; and 1, we get

1 1 q q !
loflaggr = 0 s (g o Mo @wtaa )

1 1
= sup wi(B(a, )" 4| Lo fl Lawt (Bar
S s (B ) o ooy
1 = 1 ds
<C sup / wl(B(a,s))” || fllrew?(Bas)—
ackn >0 Y2(a, 1) J, (Bla,s)) vllfll (Bla:s)) g
1 OO¢1( s) ds
=(C su w(B(a, s : b (Blas
aeR"I:>O %(a r) ), i(a,s) (B(a,5)) 2| fllowr (Bas) p
w (B(a,s J ds
S C sup / 77Z)1 a, S ( )) — ||f||Mpwp
a€R” r>0 ¢2 wP B((I S)) » s
wp B(a,s %d
— Ol 5P / () Bl@)? ds
U1 aeRn >0 Yo(a wi(B(a, s))a
< Ol e

Therefore, we conclude that I, is bounded from /\/lfj;lwp to MZJ’;"Q.
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Next, let p =1 and let f € ./\/ld)w By using Theorem 4.1 and the assumption
on Yy and Wy, we get

1
I, qwd =  SU w!(B a,r)) 4 1, Lw(B(a.r
| fHWMwQ aER"E>O bala,r) (B(a, )" [ Lo f lwrrwBar))
<c [ )
su w a,s)) a Lw(Bla.s)) —
- aER"I:>0 Po(a,r) J, Liw(Blas)
1 > 1hi(a, ) ds
=C su wi(B(a, s . 1 (Bas)
o %(a 5 ) e (B(a,s)) || fllrrw(Bas)
B(a,s)) . ds
<C su / a,s) w—
B aER"E>0 Pa(a vl B(a,s)) ”f”Ml s
_w(B(a,s)) ds
=C||f|| e sup / 1(a — < C|f 1w.
s s s T <Ol

Therefore, we conclude that I, is bounded from M 11/)11" to W/\/lfb;” . This completes
the proof of Theorem 4.2. O

By the relation (1.1) and Theorem 4.2, we have the following corollary for the
fractional maximal operator M,,.

Corollary 4.3. Let 0 < a <n,1 <p <n/a,1/¢=1/p—a/n, and w € A,,.
Suppose that 11 and ¥y are non-negatz’ve functions on R™ x (0,00) satisfying

< wP(B(a, t)) dt
———— < Cipo(a,r
/r wi(B(a,s))a (9% t (@)

for every (a,r) € R™ x (0,00) where C' is a constant that does not depend on a
and r. Then,

(1) M, is bounded from Milwp to sz’:)q for 1 <p < oo.

(2) M, 1is bounded from /\/lilpf} to W/\/lfb’;”q.

5. CALDERON-ZYGMUND OPERATORS ON GENERALIZED WEIGHTED
MORREY SPACES

In this section, we prove the boundedness of the Calderén-Zygmund operators
T = Ty on generalized weighted Morrey spaces and generalized weighted weak
Morrey spaces. As stated earlier, we have Theorem 2.8 about the boundedness
of the Calderén-Zygmund operators on weighted Lebesgue spaces and weighted
weak Lebesgue spaces. By using this theorem, we have the following results.

Theorem 5.1. Let 1 < p < oco,w € A, and f € L}". Then, for every a € R"
andr >0

17| oay) < Cro(Bla, ) / w(Ba, 8) | fll o

where 1 < p < 00, and

ds

o B ds
| T fllwrreBary) < C2w(3(aﬂ“))/ w(B(a,s)) 1\|f|\LLw(B(a,s))?,
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where C7 and Cy are constants that do not depend on f,a, and r.

Proof. Write f as f := fi + fo where f, := f - Xpg2r). First, we consider the
case where 1 < p < co. Then, since w € A,, we know that 7" is bounded on L.
Thus, for every a € R™ and r > 0, we have

1T fllLew B < T filleewsian) + 11T follzow B@n)
and
1T fillzow sy < T filleew < Cllfillew < Cl[fllzewBa2m)-

By Theorem 2.3 and Lemma 2.11,
i 1 ds
et [ e
r w(B(a,s))r

Next, we note that for = € B(a,r), we have

Hﬁ@ﬂgc/

B(a,2r)c

3=

T f1ll Lo (Bary) < Cw(B(a,r))

£ (W)l a0
yln

On other hand, the inequalities |a — x| < r and |z — y| > 2r imply that
1 3
sla—yl<lz—yl < Fla—yl.

Then, by using Lemma 2.12,

T fo()| gc/ 1f(y)]

B(a,2r)° |CL - y|n
Hence,

> 1 ds
Wy <€ [ w(Bla o) I lsisen

1 [ 1 ds
Il < CuBla, )b [ w(Ba, ) 1 larmisraon S

Therefore, we conclude that

1 [ 1 ds
I i ot < Cow(Bla,r )P [ w(Bla ) o =

Next, for the case where p = 1, we have

T fllwerw sy < 2007 fillwerw By + 1T f2llweiesar))
and
1T fillwerwBary) < NTfillpve < Cllfillpe < Clfllzve B2
for every a € R” and r > 0. By the boundedness of T from L'* to WL, we
have
1T fillwereBary < 1T fillwere < Cllfillpie < ClfllpiweBazn)-
By Theorem 2.3 and Lemma 2.11,
ee _ ds
IThlhwisotaen < CotBlar) [~ Bl 1o

For fy, we observe that for every € B(a,r) we have

ds
yw>\<0/ )7 Nl pamn
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Thus,
1T follw o (Bar) = sup yw{z € Bla,r) : [T fa(x)] > 7})
v
= Sup'y/ w(z)dx
>0 {z€B(a,r):|T f2(z)|>~}
<[ Th@ei
B(a,r)
o ds
< Cw(B(a,r) [ w(Bla,s) | flpwmasn—
Therefore,
o _ ds
1T fllw B < Cﬂﬂ(B(a,T))/ w(B(a, ) Nl
and this proves Theorem 5.1. O

The following theorem is our main result concerning the boundedness of the
Caldéron-Zygmund operators on generalized weighted Morrey spaces and gener-
alized weighted weak Morrey spaces.

Theorem 5.2. Let 1 <p < oo,w € Ay, and T be the Caldéron-Zygmund opera-
tor. Suppose that 1y and 1y are functions on R™ x (0,00) satisfying

/00 @Dl(a,t)% < Cihy(a,r)

for every (a,r) € R™ x (0,00) where C' is a constant that does not depend on a
and r. Then,

(1) T is bounded from M" to MY" for 1 <p < oc.
(2) T is bounded from /\/lqlhw to W/\/li);”

Proof. First, suppose that 1 < p < oco and f € ./\/lilw By using Theorem 5.1 and
the assumption concerning v, and s, we get

1 _1
1T fl|pgze = sup w(B(a,r)) Il zrw(Bar)
2 a€R™,r>0 %( )

1 [e’e)
aeR"r>0m/ w(B(a, ) p”f”pr

! ‘”1( %) w(Bla, 5) |l ooon 3y

d
<C sup i

=(C sup

a€R™ r>0 %(a r r (CL 8)
<C sup / nla,5) |l
a€R™ r>0 ¢2

ds
a,s)
a€R” r>0 w? / wl
< Cllf Nz

Therefore, we conclude that 7" is bounded from M to M7

= Ollfllagye sup
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Next, let p =1 and f € ./\/lzlplw By using Theorem 5.1 and the assumption on
Yy and vy, we get

1
||Tf|\WMg;“= sup WW(B(@,T))flﬂTfHWlew(B(a,r))

a€R™ r>0 ¢2
1 * ds
<C su —/ w(B(a,s)) ! Lw(Bla.s)) —
up @) ) (Bla, 8)) [l fllzw 3oy~
1 o ds
<C _— o —
<Cop gy [ el
1 o ds
=C Lw SUp ———— / a,s)—
1] gy up e ) Yila, s)—
<C|f HM;“’-
1
Therefore, we conclude that T is bounded from ./\/quu to W/\/l:b;“” and this com-
pletes the proof. O
Remark 5.3. By using the results in [19], we can extend Theorem 5.2 by re-
placing T" with #-type Calderon-Zygmund operators Ty. The definition of 8-type
Calderén-Zygmund Operator Ty may be found in [24]. Accordingly one can obtain

a result that is more general than [23].
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