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Abstract: We discuss a necessary condition for inclusion relations of weak type discrete Morrey spaces which
can be seen as an extension of the results in [H. Gunawan, E. Kikianty and C. Schwanke, Discrete Morrey
spaces and their inclusion properties, Math. Nachr. 291 (2018), no. 8-9, 1283-1296] and [D. D. Haroske and
L. Skrzypczak, Morrey sequence spaces: Pitt’s theorem and compact embeddings, Constr. Approx. 51 (2020),
no. 3, 505-535]. We also prove a proper inclusion from weak type discrete Morrey spaces into discrete Morrey
spaces. In addition, we give a necessary condition for this inclusion. Some connections between the inclusion
properties of discrete Morrey spaces and those of Morrey spaces are also discussed.
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1 Introduction

Let 1 < p < g < co. The discrete Morrey space ¢/ = EZ(Z) introduced in [5] is defined to be the set of all
sequences X = (Xj)jez such that ,
sup [Smlat Y IxlP < oo,
meZ, NelNg j€Smn
where No := NU{0}, Spyv :={m—-N,...,m,...,m+ N},and |[Sp, n| = 2N + 1. This space is a Banach space

with the norm .

1_1 P
g = sup 1SmaliH( Y )"
mGZ,NE]No jesm,N

We remark that, for p = g, we have €§ = ¢P,
Moreover, it is shown in [5] that ¢? is a proper subset of €Z whenever 1 < p < g < co. In the same paper,
the authors also prove thatif 1 < p; < p, < g, then

ey c et (1.1)

In addition, it is shown that
et = g<q

whenever 1 <p; <g; <00, 1<py<gy<oo, and p; < p,. Recently, these inclusion results have been
extended to discrete Morrey spaces on Z4 in [8]. Moreover, their result includes the following theorem.
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Theorem 1.1 ([8, Theorem 3.1]). Let1 < p; < g1 < coand 1 < p> < g, < co. Then theinclusion €5} < €5! holds

ifand only if q> < q1 and 2+ < £2.

In addition, the authors in [8] prove that the embedding (1.1) is never compact.

Many operators, such as a Hardy-Littlewood maximal operator and fractional integral operators, which
were initially studied on LP(R?), have discrete analogues on ep(zd) and their boundedness on ¢7(Z4) has
been investigated, for example, in [14, 15], while the boundedness of “continuous” operators on “continu-
ous” Morrey spaces M{'}(]Rd) has also been studied by quite a number of authors (see, for example, [1, 10]).
It is therefore natural to inquire about the properties of the discrete analogues of those operators on discrete
Morrey spaces, as is done in [6]. At the same time, it is also important to understand the properties of discrete
Morrey spaces as well as we understand the “continuous” Morrey spaces.

The aim of the present paper is to extend the result on the inclusion of discrete Morrey spaces to their weak
type and to investigate the relation between the inclusion properties of discrete Morrey spaces and those of
Morrey spaces. The inclusion properties of weak type discrete Morrey spaces are discussed in Section 2.1.
The proper inclusion relation between a discrete Morrey space and its weak type is given in Section 2.2. In
Section 3, we discuss the relation between discrete Morrey spaces and “continuous” Morrey spaces on R.
Recall that, for 1 < p < g < co, the Morrey space M} (R?) is defined to be the set of all functions f € L} (R%)
such that the norm :

W = sup 1B@ 0l ([ 1P dy)’
acR4, r>0 Bl
is finite. We apply the result in [9] to recover the inclusion properties of discrete Morrey spaces from those
of Morrey spaces. We also reprove a certain necessary condition for the inclusion relations between Morrey
spaces in [2] by combining the results in Section 2 and those in [9]. Our main result in this section is a nec-
essary condition for the proper inclusion relation between weak type discrete Morrey spaces and discrete
Morrey spaces.

Let us refer to some previous works related to this paper. The inclusion properties of discrete Morrey
spaces, their weak type spaces and their generalization are initially studied in [5]. Analogous results on
Morrey spaces M (R?) can be found in [2, 3, 7, 11-13].

Throughout this paper, we denote by C a positive constant which is independent of the sequence
X = (Xj)jez and its value may be different from line to line. We write A < B if there exists a positive constant C
such that A < CB, while A > B means B < A. In addition, we denote A ~ Bif A < Band B < A.

2 Main results

2.1 Inclusion property of weak type discrete Morrey spaces

Definition 2.1. Let 1 < p < g < co. The weak type discrete Morrey space wf‘Z is defined to be the set of all
sequences X = (Xj)jez for which the quasi-norm

1i_1 1
IXlyer = sup YISmnla P [{j € Smn : IXj] > Y}
meZ, NeNy, y>0

is finite.

The quasi-norm in Definition 2.1 can be rewritten as

”X"wf‘z =sup ||y1{jeZ:|x,»|>y} ”gg»
y>0

where Ljez:\xl>y) = (1{jeZ:|xj|>y}(j))jeZ and

1, x>y,

Ljez:\x >3 () =
jeZ:1x;1>y} 0, Ijl<y.
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Note that, for p = g, the space w{fﬁ is a weak type €P space. It is shown in [5, Example 3.1] that the space ¢? is
a proper subset of wef,’. More general, the discrete Morrey space E‘; is a subset of WBZ (see [5, Theorem 3.2]).

For the inclusion between weak type discrete Morrey spaces, it is proved in [5] that web? < wff]’ ! whenever
1 < p1 < p2 < g < co. Now we show that p; < p; is a necessary condition for such inclusions.

Theorem 2.2. Let1<p; <q1 <ocoand1<p; < q < co. Thenweg; < weg, ifandonlyif g, < g1 and B+ < 22.

Proof. Suppose that g, < g1 and % < Z—i. Let x € weh?. Then, for every y > 0, we have

Iy Lgez:xiopiller: < Ixlyerz < 0. (2.1)

Therefore, y1{jez:|x>y) € Ef;;. According to Theorem 1.1, we have y1jez:|x;|>y} € L’g; with

Iy Ljez:iisytllens < Iy Lgezziisyllera - (2.2)
Combining (2.1) and (2.2), we have
||y1{jeZ:|x,-|>y}"ggi < ||X||Wg5§,
SO X € wfgi and ||X||We§} < IIXIIW%.ThiS shows that
wep: < wey!
with | Iy < 1 lyer2-
Now we prove the necessary condition for the inclusion weh? ¢ web!. Let x = (x;)jez be defined by

L, lil<K,

0, ljI>K.
Then

K+ DT = Ixllgr = Il < Il = Ixllze = K+ 1)7.

11 .
Therefore, (2K + 1)#1 "2 < 1. Since 2K + 1 > 1, we have q—ll - q—lz <0, so that g, < g1. Assume to the contrary
that % > %. Choose v, w € N such that

<ﬂ—1)w+%<v<<2—1)w+2. (2.3)
D1 D1 D2

Let ko be a smallest positive integer such that 1 — —:—

1
Skg > FveT Define x = (xj)jez by

1, 1jl=0,1,2,...,2"",

1, [j| = 2k pkvew) _okw ok(viw) _opkwy okiviw) _ 3(pkwy
ooy 2kEw) _ Qkv=2)y2kw) - where k € N N [ko, 00),

0, otherwise.

We shall show that x € L’Zz. For every n € N n [kg, 00), define

My i= i(zn(v+w) _ 2n(v+w—2)—1)

andletN, € {0, 1, 2, ..., 2"v*w=2-1} Ohserve that, for every m € Z with 21v+W) _ 2n(v+w)=2 < || < n(v+w)|
we have ) )
1 _ 1 P2 1 _ 1 P2
|Sm,Nn|q2 P2< z |X].|Pz> 2 < |Smn,Nn|q2 p2< z |X].|pz) 2
jESm,Nn jesmn,Nn
We define

£, :=max{f € {0,1,2,...,2M=2"1y . onwp o N 1

The inequalities 2""¢, < Ny and L - - < 0 imply
1
ISmn,aniﬁ( Y |Xj|p2>p2 = 2Ny +1)7 75 (1 + 26,72
jesmn,Nn

< (2™ 8,) T T (4€,)7

1 nw_nw a n(V*'W—Z,l)
=41229 P (fn)llz <2 @2 P2/,
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Since (”;V—z"z) - 3£ <0, for every m € Z with 2nv+w) _ on(v4w)=2 < 1| < 2n04W) e have

1
1 1 Py
|Sm,Nn|E_E< D Ilepz)”sl. (2.4)

jesm,Nn

If N < 2%0+W) and m € Z with |m| < 2ko(+W) _ 2ko(v+w=2) ‘thep

1 1 1
1_1 P2 1_1 23 oy ko(v-2)
|Sm,n|% 2 ( > |"i|p2>p2 < |So,nl% P2 ( D IlepzyZ < ( y Ix,-l"’z)P2 =C2 m
iesm.N jGSO,N ]‘ESOVZI(O(HW)
On the other hand, if N > 2k(0+W) then there exists n € N such that
2n(v+w) <N < 2(n+1)(v+w)'
Hence, for every N > 25(+W) and m € Z with |m| < 2ko(v+w) _ 2ko(v+w=2) we obtain
1 1 L 1 1 L
S P2 _- 2 p2
|Sm,N|q2 pz( Z |X1.|Pz) < |SO,N|q2 pz( Z |X].|pz>
J€ESmN Jj€Son
1 1 L
<ISoemlE (Y pgi)”
JESp (it 1)(v+w)
< C(zn(v+w) + 1)%*i 2("”;3;”'2)
<c(EHrEi), (2.5)
Note that (2.3) implies q—"‘; - pﬂz + q—"z - p% < 0. As a consequence of this inequality and (2.5), we have
1
1 _ 1 P2
Smal (Y )" <1 (2.6)
jesm,N

for every m € Z with |m| < 2ko(v+w) _ 2ko(v+w=2) Combining (2.4) and (2.6), we get

1
1_1 23
sup ISmal (Y )" <1,
meZ, NeNg j€Smn

which means that ||x||» < co. Therefore, x € £52. Since x € ¢ and £5? ¢ wel?, we have x € weh?. If we can
q2

prove that x ¢ wt’{q’i, then we obtain a contradiction, so we must have % < f;—;. Now we show that x ¢ WL’Zi.
Observe that

. 17|71
{J € Smn ¢ x| > —}

1 1_1
Il 21 25 sup [Sm, Nl 1 5

meZ, NeNg

Since either x; = 0 or x; = 1, we have

1

1 _1 Pl
sup |Sm,N|‘“ p1< Z |Xj|p1> 1

=

i 1
sup (Sl [{j € Sy : Il > 5 ||

meZ, NeNy meZ, NeNg ]'ESm,N:IX,'I>%

1 1 L
S p

= sup |Sm,N|‘“ p1 < z |X].|p1> 1

meZ, NeNg j€SmN
= Ixl
Consequently,
1
cllyery > 5 s 2.7)

Let n € IN N [ko, 00). Observe that, for every 1 < p < co we have

n
Z [xil? = (1 $2VwHl 4 o Z 1+ 2k(v2))) ~ Qnv=2)

[i|<2nv+w) k=ko
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Therefore, for p = p;, we have
1_1 ﬁ n(v+w) 1 _ 1 nE=2) n(v+w) 1 _ 1 n=2)
N Z |X].|P1) ~(2-2 +0)a 2 >(3-2 )ar P12 p

jeso’zn(ww)

:3i_ﬁ2n(7 p1 P/, (2.8)

According to (2.3), we see that (V;'—lw) - - p% > 0, so that 2"( i) 00 as n — co. Combining this
with (2.8), we have

viw) _ w 2

(
Il = sup 2" ) - oo
91 peN
This inequality and (2.7) imply x ¢ wff;i, as desired. O
As a consequence of Theorem 2.2, we have the following corollaries.
Corollary 2.3. Let1 <p; < g<ooandl<p; < q < co. Thenwe? < weh' if and only if p1 < p>.

Corollary 2.4. Let 1 <p < q1 <ocoand 1 < p < g, < co. Then one has q> < q1 if and only if weh, ¢ weh with

I ez, <1+ e, -

2.2 Inclusion relation between discrete Morrey spaces and weak type discrete
Morrey spaces

Theorem 2.5. Let1 < p; < ¢1 <ocoand1 <p;, < q < 00.Ifg> < g1 and p1 < pa, then the inclusion weh? 4!
is proper.

Remark 2.6. Inview of Theorem 2.5 and the inclusion £? ¢ we??, we see that the inclusion ££? < €7 is proper
q2 92 q2 q1
ifg, < g1 and p1 < ps.

Proof of Theorem 2.5. Suppose that g, < g1 and p1 < p,.Letx € wt’Z;. We shall show that there exists C > 0
such that

1

S (Y 1) < Clxlyen (2.9)

jesm.N

for every m € Z and N € INy. Observe that

Y P =py j UG € Smy 1] > Bl dt = 11 (R) + L(R),
jESm,N O
where

R

LR):=p: j U € Sy ¢ 11 > Bl dt,
0

LR) : = py j PG € Sy ¢ Il > ] dt,
R

and R > 0is chosen later. The estimate for I; (R) is

R R
Ii(R) < p1 j tP17 1S Nl dt = p1(2N + 1) J tP171dt = (2N + 1)RP:. (2.10)
0 0

Meanwhile, by using Definition 2.1 and p; < p», we have

[oe] (o]

P p.
L(R) < s J P11 S 110 PP, dt = (2N + 1) [, J P dt
’ wégy wey
R R
b1

_ QN+ 1)76 |x|”2,, RP1P2. (2.11)
b2 —D1 weg,
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Combining (2.10) and (2.11) and taking

Rom (2 Y e

P2 —D1 (2N+1)i,
we get
1-4 D1
Y P < CN + 1) e x|, (2.12)
wey)

jesm,N
Hence, (2.9) follows by taking the p;-th root of (2.12) and multiplying by |Sp, Nlﬁ_ﬁ. Since (2.9) holds for
arbitrary m € Z and N € Ny, we have x € 621 with

Ixllzs < Clixl gz

as desired. We shall now prove that the inclusion is proper. Note that our assumptions imply % < %. There-
fore, we can choose v, w € IN such that
(2—1)W+E<v<(ﬂ—l)w+2.
b2 b2 b1

Let ko be a smallest positive integer such that 1 — —%-

S5 > 3wt~ Define x = (xj)jez by the formula

1’ |j|=0! 1’2""’2V+W’
1, |]| — 2k(v+w)’ 2k(v+w) _ zkw’ 2k(v+w) _ 2(2kW)’ 2k(v+w) _ 3(2kW),
, 2kvw) _ (Qk(v=2)y(3kw) “\where k € N N [ko, 00),

0, otherwise.

Xj =

By the same argumentation as in the proof of Theorem 2.2, we obtain x € t’Zi but x ¢ (3’,};. Moreover, repeating
the calculation in the proof of Theorem 2.2, we obtain

1
Ixlhyezz > 5 sz,

1

!\ wep?. Thus, we conclude that the inclusion weh? ¢ €4} is proper. [

so that x ¢ wep?. This shows x € €]

As a consequence of Theorem 2.2, we have the following necessary condition for inclusion of weak type
discrete Morrey spaces into discrete Morrey space.

Theorem 2.7. Let 1 < p;1 < q1 < co and 1 < p> < g2 < 00. Then the inclusion weh? < €5 implies q, < g1 and
p_ B2
a1~ 92

Proof. Let wep? < €5!. Since €5 ¢ wep)!, we have wef? < wep!. Therefore, by virtue of Theorem 2.5, we have

1 2
< Pl - P2
g> < gqpand fh < qu' O

Taking q; = q» = g, we obtain the following corollary.

Corollary 2.8. Let1 < p; < g<ooand1 < p, < q < oo. If the inclusion wL";2 c L’Zl is proper, then p, < p>.

Proof. As a consequence of Theorem 2.7, we have p; < p,. Assume to the contrary that p; = p,. Then
eh' = €57 < weh?. This contradicts the fact that weh? ¢ €' is proper. Thus, p; < p,. O

3 Relation between discrete Morrey spaces and their continuous
counterpart

Our results are based on some recent results in [8, 9].

In this section, we discuss the relation between the inclusion property of discrete Morrey spaces and
that of Morrey spaces. In particular, we reprove the inclusion property of discrete Morrey spaces by using the
inclusion property of Morrey spaces, and we recover some necessary conditions for the inclusion property of
Morrey spaces.
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We now recall some definitions and notation. Let 1 < p < g < co. The Morrey space Mg(lR) is defined to
be the set of all functions f € L¥ (R) for which
a+r

Al = sup (zni‘i< j|ﬂtnpdt>”

aeR,r>0
a-r

is finite. The weak Morrey space wMﬁ (R) is defined to be the set of all measurable functions f on R such that
the quasi-norm
IAlwaer == aup 14X tx € R: 1001 > Ay v
>0

is finite. From these definitions, it is clear that Mf (R) € w5 (R). The relation between ¢§ and M (R) is given
in [8, Remark 2.4] and [9]. For the convenience of the reader, we give the detail here. For every sequence
X = (Xj)jez, define a function x : R — [0, 0o) by

1
x(t) := ( Y |Xi|pX[i,j+1)(t)>p-
jez

Then the discrete Morrey space E‘Z can be realized as a closed subspace of MZ(]R) in the following sense.
Theorem 3.1 ([9, Theorem 2.1]). Let 1 < p < q < co. Then there exist positive constants C, and C, such that

Xlnez < C1lxlr (3.1)
for every x € € and

Iyl < CalY e (3.2)
for every sequence y = (Yj)jez.
An analogous result for weak type discrete Morrey spaces is presented in the following theorem.

Theorem 3.2 ([9, Theorem 2.3]). Let 1 < p < q < co. Then there exist positive constants C1 and C, such that
forevery x € WEZ and for every sequence y = (yj)jez the following inequalities hold:

Xz < Callxllyer (3.3)

and
IYlwer < C2llYllyove - (3.4)

We apply Theorems 3.1 and 3.2 with the inclusion of Morrey spaces to recover the inclusion of discrete Morrey
spaces obtained in [5].

Corollary 3.3 ([5]). Let1 < p1 <p> < q < oo. Then ¢i? c ¢7' and weh? c wel'.

Proof. Our proof is an alternative to that in [5]. Let x € €5*. Then it follows from (3.1) that x € M}?. Since
p1 < p2, we have MJ? ¢ MY, so that X € MJ'. According to (3.2), we have x € ¢7'. Thus, ¢? ¢ ¢7'. To prove
the inclusion wep’ ¢ weh', lety € weh?. Then, as a consequence of (3.3), we have y € wMg’. The inclusion
wh? ¢ wMf! implies y € wMp'. By virtue of (3.4), we have y € wep'. Thus, weh? c wep'. O

As a consequence of Theorems 1.1, 2.2, 3.1 and 3.2, we may recover a necessary condition for the inclusion
property of Morrey spaces and that of weak Morrey spaces obtained in [2].

Corollary 3.4 ([2, Theorem 1.6]). Let1 <p; <g<ooand1 < p; < q < co.
() IfFMy <My, then py < pa.
(ii) Ifwh? c wMl', then p; < p>.

Proof. (i) Letx € ¢”. Then, according to Theorem 3.1, we have x € M52, Since M};” € M}, we obtainx € M},
This fact and (3.2) imply x € £5'. Therefore, ¢? c . Consequently, by virtue of Theorem 1.1, we conclude
that p; < p».

(i) Let x € weh?. By virtue of Theorem 3.2, we have X € w2, so that X € wM}'. Combining this with
(3.4), we obtain x € weh'. Consequently, we§’ ¢ weh'. Thus, the conclusion follows from Theorem 2.2. [



44 = H.Gunawan, D.I. Hakim and M. Idris, On inclusion properties of discrete Morrey spaces DE GRUYTER

Our final result is the necessary condition for inclusion between weak Morrey spaces and Morrey spaces that
can be viewed as a complement of [4, Theorem 1.1].

Corollary 3.5. Let 1 < p; <g<ooandl <p, < q < oo. [fwM> € M}', then p1 < p,.

Proof. Since My' ¢ wM%*, we have wM}? < wMp'. According to Corollary 3.4, we have p1 < p,.If p1 = ps,
then whh' = w2 < ME', so wMy' = M5 This contradicts the fact that M}' is a proper subset of wt;!
(see [4, Theorem 1.2]). Thus, p; < p>. O
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