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ABSTRACT. In this paper we give some estimates for lower bound of von
Neumann-Jordan constant for weak Orlicz spaces and weak Lebesgue
spaces. As an application, we prove that the von Neumann-Jordan
constant for the weak Lebesgue space wL” tends to 2 as p tends to
infinity. Our proof uses the refinement of the positive constant in the
triangle inequality in wLP.
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1. INTRODUCTION

Let X be a Banach space. The von Neumann-Jordan constant for X (see
[1, 3]) is defined by

If = gl% + 11 + 9l%
2(1£11% + llgli%)

It follows from the triangle inequality and also arithmetic and quadratic
mean inequality that Cn;(X) < 2. In addition, by taking f = ¢ in the
definition above, we have Cy;(X) > 1. Moreover, this inequality becomes
an equality when X is a Hilbert spaces, In particular, Cyj(L?(R")) = 1.
2 2

For general p € [1,00], it is known that C;(LP(R™)) = maks {2571, 2175}
for finite p and Cyj(L*°(R"™)) = 2.

The study of von Neumann-Jordan of Lebesgue spaces can be generalized
to Orlicz spaces. Let us recall the definition of these spaces (see [5]). Let
® : [0,00) — [0,00) be any N-function, namely ® is convex, ®(0) = 0,

lim y =0, and lim @ = 00. The Orlicz space L®(R") is defined to be
t—0 t—o0
the set of all measurable functions f on R™ for which

£l o ::inf{A>0:/n<1><|f(;)‘) dw§1}<oo.

For ®(t) = tP, where 1 < p < oo, we have L®(R") = LP(R"). Some results
on von Neumann-Jordan constant of Orlicz spaces can be seen in [7]. One
of the results in this book is

0 Casl(X) = sup{ fge X\{O}}.

Cny(L?(R™)) > max {_1 72@%} :
(073
1
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_ ¢—1 t _ (b—l t
where @ and B are defined by ag := %1>1(f) 1 ((22) and Be = igg <I>—1((2t))
In this paper, we investigate the von Neumann-Jordan constant for weak
Orlicz spaces and weak Lebesgue spaces. Recall that The weak Orlicz space

wL®(R") is defined to be the set of measurable functions f on R™ such that

[ fllwre@ny == inf{b >0: igg@(t)){m eR": |f(b$)‘ > tH < 1} < 0.

Note that, L*(R") C wL®*(R") and ||f|,ze = sup|ltxq s> llpe. Mean-
>0

while, the weak Lebesgue space wLP(R™), 1 < p < oo, is defined to be the

collection of measurable functions f on R™ for which

|| £ e ziggfy({a:eﬂ%" L 1f ()] > )P < oo

If ®(¢) := tP for some 1 < p < oo, then wLgy(R™) = wLP(R™). Thus,
La(R™) can be view as a generalization of the weak Lebesgue space LP(R").
Note that

[ fllwLe@ny = sup It X{>6 | Lo (-
>0

For a quasi-Banach space X, the von Neumann-Jordan constant C j(X)
is defined by

1/ + gl +1If = gll%
205 (11 + 1lgll%)

(2) Cny(X):= sup{ : f,9 € X, not both zero}

where

Cx zsup{ I/ +gllx s fr9€ X, (f,9) # (070)}-

1 1lx +llgllx

See [6] for some related results. Observe that, if X is a Banach space, then
Cx = 1, so that we can recover (1) from (2). One of our main results is
the following lower bound of von Neumann-Jordan constant of weak Orlicz
spaces.

Theorem 1.1. Let ® be any N-function and write Cp := Cyypegny. Then

1 25(% D mn
(3) max m, Cic% S CNJ('U)L (R ))

As a consequence of Theorem 1.1, we obtain a lower bound for von
Neumann-Jordan constant of weak Lebesgue spaces and the asymptotic
value of these constants as p — oc.

Theorem 1.2. If1 < p < oo, then

25 —1 275 o
(4) max 7, ﬁ S CNJ('U}L <R )) S 2,
p p

where 27 < Cp < min {2, %1} In particular, lim Cyj(wLP(R™)) = 2.
p p—00
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2. PRELIMINARIES

Note that, the weak Orlicz space wL®(R™) always contains the charac-
teristic function on set of finite measure.

Lemma 2.1. [4] Let E be a measurable set of R™ and 0 < |E| < oo. Then
_ 1
HXEHwL‘P(Rn) = m

|E]
Lemma 2.2. Let 1 < p < oo and define

C. — I|f + gllwLe
p = Sup .
(£,9)#0,0) 1 fllwzr + 1lgllwLe

Then )
2r < Cp < 2.

Proof. Observe that, for every ¢t > 0, we have

{z e R™ : |f(2) + g(x)] > t}] < {z e R" - [f(x)[ > %}I + H{z e R" : |g(a)| > t}]

N e ENP
= () WL+ (5) Nel
=t P22(|| £l re + 19I5 0)
Multiplying by ¢t and taking the p-th root, we obtain
ti{e € R™ : |f(2) + g(a)| > }[VP < 2(||£IF, 10 + llgllp) /P
< 2([|f llwre + [19llwre)

By taking the supremum over ¢ > 0, we get

() f + gllwzr < 2(][fllwze + lgllwrr)

Let f(z) = $_%X(0,1) and g(z) = (1 — x)_%x(o’l). Then
U lwzy = [lgllwre = 1.

Let h(z) = f(x) + g(x). Therefore we get,

ha)l{a : [h(x) > h(a)}r = (a > +(1—a)

:2i<1+( a )

1—a

B =

)(20,)%

)

1 1
By taking the supremum over a, we have ||f + g||lwzr = 27.2 = 2'75. This
implies

=

1
oMy
(6) sz I[f + gllwrr _ P :2;.
| fllwze + 119|wLe 2
Combining (5) and (6), we get 2% <0, <2 0

Proposition 2.3. [2] Let 1 < p < oo and define

1/l = sup \Eﬁ‘l( [ 1@ dx).

|E|CR™
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Then we have
* p
1 foze < 2i||f||wLP-

Proof. Let 0 < |E| < 0.

@)
/]f(x)]da::// dt do
E EJO
:/ / dx dt
0 J{zeE:|f(2)|>t)
R

:/0 {er:]f(x)|>t}dt+/oo{xEEi|f(55)|>75}dt

R
R ')
< / B dt + / PSP dt
0 R
L o1
:R|E|+ER PR FIR

Let Q(R) = R|E’+I%Rip+1”f|‘ﬁ)[/p' We have g/(R) _ ’E‘—FHR*IJH]“HZLP
p
So g/(R) =0 & RP||f|I%,,, = |E| or R = e,

[B]1/7
/1%L IR\

1—1 1 1—1
= ke B2 4 2 [ e [ B2

1 1-1
= |1+ —= [l llwzr B 7
p—1
P _1
= Ey\ﬂywmml .
Therefore, we get

i_q p
B [ 15@) do < L il
E p—1
By taking the supremum over E we conclude that

p
1z < EHwaLP-

Proposition 2.4. [2] Let p > 1. Then we have
[ wre < || FIre-
Proof. Define E = {|f(z)| > t}. Note that for every ¢ > 0
B < t7P[[flwre < oo.

Therefore,

(7) Pl /E F(@)] da < |11l
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On the other hand

7_1 = |{x . T %_1 z)| dx
B [ 1) do = o € B 11 > 1) (Lﬁmm“ﬂnd)
o R : |f(@)] > e : |f(@)] > 1))

(8) > t){z € R" : | f(x)] > t}]»
Combining (7) and (8), we get
tH{z € R+ [£(@)] > 1> < | fllire-

Since t > 0 is arbitrary, we conclude that

(9) | fwze < (1 f]lwre-
U
Proposition 2.5. Let p > 1. Define
S 2 1
(£.9)20,0) 1 fllwze +1[gllwrr
Then
(10) 2% <O, < min{2 1}
Proof. From (9) and normability of weak LP we have
1+ 9llwrr < [If +gllrs
<[ fllwre +lgllre
p
< (2 )t + (52 ol
p—= p—=
() = (=55 ) (1 lhozo + llglluzr ).
p—1
Combining (5) and (11), we conclude that
(12) Cp= sup 1F + llwLr <min{2,p}.
(£.9)#0,0) 1 fllwzr + 1lg]lwrr p—1
By (6) and (12), we conclude that 2% < Cp < min {2, pfl}. O

3. PROOFS OoF MAIN RESULTS

We first prove Theorem 1.1.

Proof of Theorem 1.1. According to the definition of ag, for any ¢ > 0,
there exists g > 0 such that
‘I)_l(t()) _

13 — .
(13) @_1(2t0)<a<1>+6
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Define 7 := (2to|B(0,1))""/™ and choose z1, 2o € R™ such that B(zy,r)
and B(z1,19) are disjoint. For ¢ = 1,2, set f; := <I>_1(2t0)XB(zi7TO). Then,
by Lemma 2.1, we have

<I>_1(2t0)
O=(1/|B(xi,r0)l)

Since B(x1,70) and B(x1,79) are disjoint, we have

(14) I filluwze = @' (2t0) I B(i,70) luwre = =L

Hfl + fQHwL‘I> - CI)_l(QtO)HXB(xl,To) + XB(IQ,TO)HwLQ

- (2t0 HXB(LIH,TO UB(CEQ,To) Hqu)

o1 (2t o1 (2t 1

(15) = @) __ <I>1((t 0)) >

q) (2‘3 (z1,r0)] ) 0 ®
Similarly,

1
(16) 11 = follwre > = ppnps
Combining (14)-(16), we get
+ foll? e + 1

- 202(||f1\|2Lq>+\|f2Hqu>) ~ 203 (a0 +€)?
Since € > 0 is arbitrary, we conclude that

1

(17) Cyy(wL®(R™)) > 202

Similarly, by definition of S, for any € > 0, there exists ug > 0 such that

O Mug) 5 e
(18) m > fBe — 5
Set vy = (2up|B(0 )])’1/”. Define g1 := (I’fl(UO)(XB(yl,vo) + XB(yQ,Uo))

(2
and go := & !(u )(XB( L) — XB(ya,wo))> Where B(y1,v0) and B(ya,v0) are
disjoint.
Observe that, by Lemma 2.1, we have
HngwL‘f’ = (bil(uo)”XB(yl,vo)UB(yQ,’vo)Hqu’

(19) — q)il(u()) _ (I)il(UO) 1

o1 (\B(yhvo)LlJB(yQyUoN) o (m)

By a similar argument, we have ||g2|,r2 = 1,

_ 20 (ug)
1
o1+ 92luse =207 (o) pips s i = oy > 2B <

and
lg1 — g2llpre > 28 —¢

B @_l(uo)
1 fillwre (o)X B yi,v0) lwre d1(|B(y;,v0)| 1)
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These estimates yield
+ 2 + _ 2 2_ _ 2
CNJ(UJL(I)(R”)) > Hgl 292HwL2<I> ||gl 922HwL<1> S ( Ba : 5)
205 (1911l e + g2l 1) Cy
Since £ > 0 is arbitrary, we have

232
Cny(wL®(R™)) > 0751’
P

(]

(20)
Thus, (3) follows from (17) and (20).

We are now ready to prove Theorem 1.2.
Proof of Theorem 1.2. We first prove the lower bound in the inequality (4)

Let ¢(u) = uP. So that
71( ) ur 1
e = inf —— = inf =27
ae 11LI;0 O—1(2u) viI;O (QU)% ’
and
= (I)_l(u) u% 1
B = sup ———— = su =27
us0 D71 (2u)  us0 (Qu)%
For ¢(u) = uP, we have wL®(R") = wLP(R"). By (3) we get

2 1—2
2r —1 27 »

Ot (@) = max (Yt 2 ).
GG

(21)
Note that
f + glloe + 11F = gllore < 2Cpl1f 1120 + l9ll2re])?
=2C5 (1111200 + gl 0)?

<ACH(IfIze + llglors),

Therefore, by definition of Cnj(wLP(R™)) we get
Cnj(wLP(R™)) < 2.

(22)
We combine the inequalities (21) and (22) to obtain
1—-2

2
2r —1 277 p
max (CQ, CQ> S CNJ(wLp) S 2.
p P
We now prove the second part of Theorem 1.2.

From (10), we have
C,=1,p=1

V2<C,<2,pe (1,2
1 D
2r < Cp < ——,p> 2.
r < p_p—lp

Therefore, by (21), for p =1 we get
Cra((B") > b=z
NJ -~ max 2, 3
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For 1 < p <2 we have

2
n 2p 2_3 1
CNJ(U)LP(R )) > Cg S [2? 72:|
and for p > 2 we have

ol=% 2%

I3 P _4

(23) Cns(®) 2 2 [ o ]
r LGH)

Finally, for large p, we get
lim C’NJ(wLp(R")) = 2.

pP—o0
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