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ABSTRACT. We discuss weak type inequalities for maximal and fractional integral operators

on generalized Morrey spaces over metric measure spaces. Here the measure satisfies the so
called growth condition. By taking into account the maximal operator, we obtain a Hedberg type
inequality, which leads us to the weak type inequality for the fractional integral operator on the
same spaces.
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1. INTRODUCTION

Let X be a metric measure space which is equipped with distance fun¢taond Borel
measurg:. Here the measure satisfies thgrowth condition

(1.1) u(Bla,r)) < Cr"

for every ball B(a, r) with centera € X and radius- > 0. Researchers often refer this type

of measure as a growth measure. In the equation (@.i$)less than or equal to the dimension

of X, meanwhileC is a positive constant which does not depend:@ndr. In the rest of this

paper,C will be used to denote positive constants that may be different from one line to another.
With the growth measure, we define timaximal operator

1
a2 MpE) = | )] ) @ e swpo)

(as in [8]) and thdractional integral operator

(L3) If(z) = /X ﬁ du(y)

(asin[3]). Note thad < a < n. In [3], it has been proved that the fractional integral operator
satisfies the weak typd, ¢) on Lebesgue spaces over metric measure spaces. Meanwhile, in
[10], it has been proved the weak typk 1) inequality for the maximal operator on Morrey
spaces over metric measure spaces. Morrey spaces over Euclidean spaces were first introduced
by C.B. Morrey in [6]. For certain condition, Morrey spaces reduce to Lebesgue spaces. In
this paper, we will generalize the results of [3] and [10] on the generalized Morrey spaces over
metric measure spaces.

2. WEAK TYPE INEQUALITIES FOR THE MAXIMAL AND FRACTIONAL INTEGRAL
OPERATORS

Denote byB(u) the set of all balls with positive-measure. Let : (0,00) — (0,00) be
an almost decreasing function, that is, there is a positive conStanich that the inequality
¢(s) > Co(t) holds whenevers < ¢t. Forl < p < oo, we define thegeneralized Morrey
space over metric measure spacet?(u) := MP?(X, u) to be the set of all functions in
f e L (u)such that

loc

1 1 , r
Wlswson = oo s (g [0 )~ < oo

To find our results on generalized Morrey space over metric measure spaces, we provide the
following lemma which is adopted from![2].

Lemma 2.1. Letw be any positive weight oX. Then, for any functiorf € L} (1), we have
the inequality

C
(2.1) /{ e ) ) < 5 /X @) Muw(y) du(y).

Ouir first result is the following lemma. Analogous results on the Euclidean $gfacan be
found in, for examples| [4,7] 9].

Lemma2.2.For¢ > 0, letg : t — ¢t and®(t) = ¢(g(t)). If ¢ satisfies[™ 2O gt < C*o(r)

t
for r > 0 andC* > 0, then for any functiorf on M*%(1) and any ballB(a, r) on X we have

(2.2) /X (@) [ M X () dp(z) < Cro) | Lo
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Proof. Let x5, denote the characteristic function Bfa, ). Then, for anyf € MY (1),
we have

/X (@) M () dia(z)

e}

/ DM X o (@) dpe) + 3 / @) M X () du(z)
B(a,2r) B(a,2k+1r)\ B(a,2kr)
C

IN

k=1
oo

& 27k f ()| du(z
/B(a 2r) 7=+ ; /B(a,2’€+1r)\B(a,2kT) | ()] dp(z)
< C [u(B(a, 4r))d(u(Bla, 4r)))| |l avo 0]

S 27 u(B(a, 22 (u(Bla. 2’f+2r>>>ufum,¢<m]

IA

+C

= O3 27 (B, 27r))p{u(Bla, 270))) | f Lo
k=0

By the growth condition, we find that

J 1 @IM a2 die) < ©3 220021 s
X k=0

e}

= O [ fll e Z¢ CL(2%%r)")

e}

= Cr"|| fllareq Y 223/CL(2%r)).

k=0

As ¢ is almost decreasing is also almost decreasing. Hence,

[e.e]

J @M 02 i) < Ol 3 PR/ )
k=0
= Cr"|| fllareqn Y, ®(Co(2r)
k=0
Now, notice that foR*r < t < 2¥+1r we have

B(Cy(281r)) < C3D(Co(t)

and

B(Cyt) = D({/Ci(t) = (C1"t") < Cug(t") = Cud(1).
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As a result, we obtain

2k+1p
P(Cst

/X | f(@) M X p(am (x) du(x) < CT"|| fll pro kZ:o/Q

k’!’
0 2k+1,
. a(t)
<Ol Y [, T e
k—0 2k
. >~ Pt
<Ol lneg [

S CrO(r) || £l pmre ()
< Cro(r") fll mre -

So, we have dona

The above lemma enables us to prove the following weak type (1,1) for the maximal operator.

Theorem 2.3. Let ¢ satisfies the condition given in Lemmal2.2. For gny 0 and any ball
B(a,r), we have

(2.3) ule € Bla,r) : Mf(z) >} < %rnd)(r")uf)!ww.

Proof. By applying Lemma 2]1 ar{d 3.2, we obtain

ple e Blar) MA@ == [ ) dute)

C
<= /X (@) [ Mo (@) dis(z)

C n n
S;T (") f llvre ys

as desiredy

Now, we will present the weak typ@, ¢) inequality for the fractional integral operator.

Theorem 2.4.Let0 < a < n, 0 < XA < n — « for some), and% =1- . Also, fort > 0,
letg : t — t" and®(t) = ¢(g(t)). If ® satisfies the conditiorf,” t*~'®(t) dt < CR " for

any positiveR, then the inequality

: n ooy (W laegn \*
(2.4) p({z € Bla,r) : [lof(z)| >~}) < Crig(r™) T
holds for anyf in || f || r1.(.), @any ball B(a,r) in X, and any positivey.

Proof. For everyz € B(a,r), we have

|f(y)] |f(y)
L f(2)] < /B T ) + /X =0

= Ay + As.
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The estimate foH, is as follows.

|f(y)]
Ay < / ———— du(y
2 d(z,y)>R d(fl?, y)nfa ( )
> )
o / B(2¢1R)\B(2,2" R) d(x,y)"

— 1
<3 G g O 40

_ N2 (2R)
=2 (22 R)" /B o [F (W)l din(y).

k=0
Sincey satisfies the growth condition ards almost decreasing, we have
22n(2kR>a /
JFW)l du(y
p(B(x, 282 R)) B(a:,2k+1R)| W)l duly)

I
NE

Ay

i

0
oo

< O flprogy D (28 R)*$(C1 (2" R)™)

k=0

< Ollf lmron D (2°R)*®(23/C1(2 ' R))

k=0

8

(2FR)*®(Cy(28 R)).

Mg

< Cllfllmrequ
k=0

Now, for2¥R <t < 2**1Rwith k = 1,2, ..., we have
B(CR2MR) < C3d(Cyt) < C1P(C128R)
and
(2kR)a < e < <2k+1R)a.
Furthermore,
O(Cat) = D(/C1t) = ¢(CL"t") < Cup(t") = Co4®@(2),
which gives us

2kF1R
t*1®(Cyt) dt < C / t*1®(t) dt.

2kR

(2kR)aq)(O2<2k+1R)) S 0/2 +1R

2kR
As a result, we obtain

/()]
A < /(z =k d(T,y) 4ty)

2F+1R

<Cr|f|erz / 1D (0) dt
< O o S / £-15(2) dt
k=0 "B

< CRM7| fllmrs )
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Let CRM | fll s = 2. Since A, < 2, we have{z € B(a,r): Ay > 1} = 0. This
means that ({z € B(a,r) : Ay > 1}) = 0. Finally, by using the fact that

. : 7 : 7
{z € Bla,r) : |If(z)] >~} C {x € Bla,r): A > 2} U {x € Bla,r): Ay > 2},
and Lemma 2]2, we can obtain the weak estinfate) for I,:
p{z € Bla,r) : [Laf(x)] > 7})

<u({eeBar:a>1})
= ({$ € B(a,r) : /B(wR) % duly) > %})

/m/m d(z yn adu(y)du(:p)

/ / B(z.R) cz(:’g o XB(an () duly) dp(z)

:5/)(|f |(/B ixl du(sn)) dp(y)
=2 [ r(;ﬂ / Xoen?) du(sc)) )

(y,2*+1R)\ B(y,2* R) d(x,y)n—

2
< —
_7/x|f ) Zoo 2’“R
1

= ; /X ‘f(y)| (Zoo ,M(B(y, 2k+2R)) /B(y,2k+1R) XB(a.r) (x),u(x)) d,u(y)

< % /X |f(W)R* M X pam(y) du(y)

C o, N n
< ;R " d(r") || £l pmro ()

Notice that

XB(ar) (T) dp(x )) du(y)

(y 2h+1R)

R - [l mreq \*
— [ fllatoqy = CR™ = (—” .
Y g
This equation give us
Ra“f”/\/tl@(u))

w({e € Blar)  1af(@)] > 7)) scr”¢<r”>( S

crop) (e

3. HEDBERG TYPE INEQUALITY

which is the desired inequality.

Hedberg type inequality estimates the fractional integral operator by taking into account the
maximal operator. The original work on the Hedberg inequality can be found in [5]. Here we
present one on the generalized Morrey spaces.
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Theorem 3.1.Fort > 0, letg : t — t"and®(t) = ¢(g(t)). f0 < a <n,0 <X <n—afor
some), and [>° t*71®(t) dt < CR " for any positiveR, then we have

3.1) [Laf(@)] < CMF (@) Fll wgro uyern-

Proof. Letz € X andf € M?(u). Then, for any positive?, we can write

|f(y)] 1f(y)]
(Lo f(z)] < /B o Ay du(y) + /X e Ay du(y)

= Ay + As.
By applying the growth condition gi, we find an estimate fad, that is

1f ()l
A = Wl
/d(x,y><R d(z, y)—e p(y)

-1

= S Red(o gy <ornr (@, y)

-1

1
< Z W/E(I,QHIR) |f(y)] duly)

k=—o00

Ra2ka /

<C F)| duly
2 W(B@ PPR)) Jppgpnny )

< CR*M f(x).

Meanwhile, we estimaté, as follows:

1/ ()l
Ay = Wl
/d(:v,y)<R d(z,y)n—e 1(y)

k=0 2k R<d(z,y)<2k+1R d(l‘, y>n—a

= 1
S G oy ey )

k=0

IN

2kR a22n
—é ])_z) / oy IO ).

NE

e
Il

0
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Again, sincey is the growth measure, we obtain

— (2R
Ay <
<O x%HR)L@%WJﬂwwmw

3 (2"R 2" R d
<O RIOuBE 2R [ )] duly
< Ol s SR O(CH 22 R))
k=0
= Ol SR B(2 /i (2 )
k=0

< Cllfllarsgy Y 2" R O(Co(2' R))
k=0

0o p2kFlR
< Ol fll mre Z/ t* 1 d(t) dt
k=0 2kR

<l [ 1000 di
R
< CRM M| fll v -

_1
Mf—”) " we find that
11l a2 (0

|Lof(@)] < CR* (M f(z) + R*" | parogu)

= C(M f(@) =/ FlINE% .

Now, by lettingR = (

This completes the proog

By having the Hedberg type inequality in Theorem| 3.1 and the weak(tye inequality
for maximal operator in Theorejn 2.3, we can have an alternative proof for the weaki type
for the fractional integral operator in Theorém|2.4. The alternative proof goes as follows.

Proof. (of Theorenj 2.44) It follows from Theoren 3.1 that if, f ()| > ~, then we have

Mf(z)> | —L— .
> (cum%z;)

Now, by applying Theorein 2.3, we obtain
p{z € Bla,r) : [Lof(z)| > 7})

<y ({x € Bla,r) : Mf(x) > (o|fiﬁfi» 23) }>

SN
<O == ol e

gy (Wlaesn '
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for any ballB(a,r) in X. 1

4. CONCLUDING REMARKS

We have proved weak type inequalities for the fractional integral operators on generalized
Morrey spaces over metric measure spaces in two different ways, with and without the Hedberg
type inequality. For the strong type inequalities, the use of Hedberg type inequality is common
(see, for instance, [1]), although it is not always applicable (see, for instance, [11]). Note that
the maximal operator plays an important role, especially when we choose to use the Herberg
type inequality.
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