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MULTILINEAR MAXIMAL FUNCTIONS AND FRACTIONAL
INTEGRALS ON GENERALIZED MORREY SPACES

H. GUNAWAN, I. SLHWANINGRUM

ABSTRACT. We revisit multisublinear maximal functions and multilinear frac-
tional integrals which were initially studied by L. Grafakos [6]. We are par-
ticularly interested in their boundedness on Morrey spaces on R%, We extend
existing results to generalized fractional integrals on generalized Morrey spaces.
An extension to the non-homogeneous setting is also discussed.

1. INTRODUCTION

In 1992, L. Grafakos [6] studied the multisublinear maximal function M,,f on
R? given by the formula

M, f(x) :=sup ———— / filx )| dy,
m() r>O|BOT‘ B(OyH‘j J |
where f := (fi,...,fm), fj’s are locally integrable functions on R?, and 6;’s are
nonzero distinct constants. He also discussed the multilinear fractional integral
I of by

Tnafl@) = [ i~ T £yt = 6,9) .
j=1

where 0 < a < d. Note that the two operators are different from the following
versions:

r>0

1
Miyf(z) = sup = / f5( — O395)] dy
|BO0, 7)™ J(B0,r)m H ! I
and

Ty of(z) = / w1 T £ — 0,9;) dyy.
@y H i( 0;y;) dy;

where y := (y1,...,Ym) and |y| := 1/Z;."Zl |yj|2. However, in both versions, the

case m = 1 and 6; = 1 reduces to the Hardy-Littlewood maximal function M f;
and fractional integral I, fi. See [24] for the two classical operators M; and I,.
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24 H. GUNAWAN, I. SSHWANINGRUM

It is easy to see that the multisublinear maximal operator M,, is bounded from
LPt x --- x LPm to LP, where % = Z]m1p and 1 < pj < oo for j =1,...,m.
Indeed, one may observe that

supH |B 0,7)] / |fi(e = 65y5)| dy; < T] Mify(2),

7‘>0 j=1

and so it follows from Holder S mequahty that

m m
| Mol < TLIM A, < T,

j=1 j=1
provided that f; € LPi for each j = 1,..., m. Here we have used the boundedness of
the Hardy-Littlewood maximal operator M; on LPi’s. We shall not discuss further
the operators M, and Z,, . in this paper. We refer the readers who are interested
in these operators to the works of T. Tida et al. [10 1T} 12} 13]. See also [2, 14l [16]
for related results.

From now on, we are interested in the operators M,, and I,, o. Regarding M,,,

it follows from Holder’s inequality that

m p/pj

1
P — r—0y)|dy < (x— 0.:1)|Pi/Pd ’
07 o L ||[|BM| o, @ = 0Py

OT‘)J 1

for every r > 0. Here 1 5= S 17 as before. Hence, we get the pointwise estimate

=1
p]/p p/Pj d
H L) @)]P, z e RY (1.1)
Applying Hoélder’s inequality once again, we get
p/p; i
/ My £ (x) Pda < H[/ My (f177) (@) de | H (P,

whence
p;/p\||P/Pi
Mty < TTIA G
j=1
Assuming that p > 1 and noting that f; € LP7 is equivalent to ff iIP ¢ [P with

1F2P ), = 11 £11527, we have

1ML P < C UL PN, = C Ul f5 12277

Accordingly, we obtain the following inequality

m

||Mmf||p <C H ”fijw

j=1

which tells us that M, is a bounded operator from LP* X --- x LPm to LP. In

general, one can take p to be the harmonic mean of p;’s, that is, % = Z;n:l z%’ to
J

make sure that p > 1. In this case M, is bounded from L™P* x ... x L™P™ to LP,

with
HMmf”p <C H ||fj||mpj'

Jj=1
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Note that C denotes a positive constant whose value may vary from line to line,
but is always independent of the functions f;’s and the variables x or y.

In the following sections, we study the boundedness of the multisublinear maxi-
mal operator M, on the (classical) Morrey spaces and on the generalized Morrey
spaces. We shall also discuss the boundedness of the multilinear fractional integral

1

operator I, o from LP1A x - .. x L[PmA to L9 where é = & — %5 and the bound-

edness of the generalized multilinear fractional integral operator I, , (which will be
defined in Section 3) from LPud Pl s [Pmed T g Lq’¢p/q, where p < ¢ < 0.
Here L% and L%? denote the classical and the generalized Morrey spaces, respec-
tively (which will also be defined soon). In the last section, an extension to the
non-homogeneous setting will also be presented.

Our results can be viewed as a refinement and also an extension of the results
obtained recently by W. Setya Budhi and J. Lindiarti [22].

2. THE BOUNDEDNESS OF M, AND I, , ON THE (CLASSICAL) MORREY SPACES

For 1 <p < oo and 0 < \ < d, the Morrey space LP* = LPA(R?) consists of all
locally integrable functions f on R? for which

1 b 1
p— p — g
£ llp.x = b;}g[M /B(w)lf(x)l de] =S Ge d)/phB (@ ,,|/ wn T &a]’

is finite. Here the supremum is taken over all @ € R? and » > 0. Note that
LPY = [P, See [19] for more information about these spaces.

We shall now verify the boundedness of M,,, on these spaces. We already have
the pointwise estimate ([L.1)):

m

H fpj/p )]P/zoj7 xERd,

where % = 27;1 i Unless otherwise stated, we shall always assume that p

satisfies the relationship % =>

m

J1p<lwhere1<pj<ooforj71 ;M.
Our first result is the following theorem.

Theorem 2.1. The operator M,, is bounded from LP1> x - . x LPm* to LP* | where
0<A<d.

Proof. It follows from the estimate (|1.1)) and Hélder’s inequality that

]. / 2 .
- dr < / fpj p P°/Pi dy
Bla)] Jpgun IO < ma) o m @)

: f[l[B(a, )] /B(W) gy

for every a € R? and r > 0. Taking the p-th root of both sides, we get

(B fyy Mot 2] <f[[|BM (M (17 @))Pd

B(a,r)

}1/19.7‘
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Next, we divide both sides by rA=9/P = H;nzl [r()‘_d)/p]p/pj to get

1 1 /P
M, .f Pd
0 [5arm] Jpgoy M

- ﬁ L(A 1d)/p {lB oy / . 1(ff:'/1’)($)]1’dx}1/p]

J

P/pj

::]3

< TLatee < T2 E = T,
Jj=1 j=1 j=1
assuming that f; € LPi* for each j =1,...,m.

Since this is true for all @ € R? and r > 0, we obtain

1M fllpn < CTT 15l 0s

j=1

which proves the theorem. O

Let us now consider the multilinear fractional integral I,,, of. By Holder’s in-
equality, we observe that, for every x € R?, we have

Tnaf@] < [ e 1T 15 =6yl

H[/ ly| =% f;(x — 6; y)lpf/pdy}p/pj

— H |f|pJ/p )}p/pj.

From this estimate, we get the following result.

Theorem 2.2. The operator I, o is bounded from LPrA x oo LPmA to LA,

where%::%—df—)\andog)\<d—ap.

Proof. For every a € R? and r > 0, we have

1

- I dz <
Bla, )] Jpgan et @F

5 S 2) @) da
B(a,r) j= 1

Fe
ﬁ o 7~|/ Nl ]
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With 1 = 1% T, we take the g-th root of both sides and then divide them by
[y T, [r3=D/9]/% to obtain

1
rO—d)/q {\B(aﬂ‘ﬂ B(a,r)

Il

1/q
|Im7af(a:)|qu}

1 [ 1
r(A=d)/a L|B(a,r)]| B(a,r)

IN

P/p;
(L1177 ) "] ]

< CTT a1 517577 Hp/“<cH||fpﬂ/P||p/“ CTT 1, -
j=1 j=1

j=1

Here we have used the fact that the (linear) fractional integral operator I, is
bounded from LP* to L%,
The last estimate holds for all @ € R* and 7 > 0, and so we conclude that

floa < CTT15illp - (2.1)

Jj=1

m.

This completes the proof. O

Remark. Note that the case m = 1 reduces to the result of Adams [I]. Also,
the case A = 0 gives the boundedness of I,,, , on Lebesgue spaces. As one might
think, Theorem 2.2 may also be proved by establishing the following Hedberg’s type
estimate:

Im.of(2)] < C [Mpnf ()] o2/ (4= N T HIEPREN g e RY 2.2
y J
j=1

The idea is to split the integral into two parts:

L of(x) = / I~ ] fi(= — 059) dy + / T fi(= — 65v) dy,
ly|<R j=1 ly|>R j=1

and then estimate each part separately. The value of R = R(z) is chosen so
that both estimates balance. Using the estimate and the boundedness of the
operator M,, on the Morrey spaces, the inequality follows. We leave the
details to the readers (see [§] for the case m = 1).

From Theorem we obtain an Olsen’s type inequality as in the following
corollary (see [15] 23] for the case m = 1).

Corollary 2.3. For 0 <\ < d— ap, we have

W - Lnaflps < C Wl /an [T 1£ilp, -
j=1
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3. THE BOUNDEDNESS OF M,,, AND I,;, , ON THE GENERALIZED MORREY SPACES

For p : (0,00) — (0, 00) with f t) dt < oo, we define the multilinear fractional
integral I,,, ,f, for suitable f = (f1,..., fm), by

m

p(lyl)
I, f(x / | I (x — ) dy,
P ( ) R |y| L ]y Y

Here we assume that p satlsﬁes the doublmg condition: there exists a constant
Cy > 1 such that if 1 < £ <2, then & < p(r < C;. (Actually, we may assume

that p satisfies a weaker growth condltlon there exist constants Cs,d > 0 and
0 < e < 1 such that

5(1+€) p(t)
sup p(t) < Cg/ —=dt, r>0, (3.1)
r/2<t<r 6(1—e)r/2

as in [21].) Note that if p(r) := r, then I, , = I;m,o. For m = 1, the operator
I, was studied by E. Nakai [I8]. See also [3| [7, 8 9} 21] for more results on the
operator I,.

We bhall be interested in the boundedness of the operators M,, and I, , on
generalized Morrey spaces. We say that a function f belongs to the generalized
Morrey space LP¢ = LP’¢(Rd), where 1 < p < oo, if

T ! fo)pdz] " <
$ 1= Sup — { x)|Pdx 0.
P a,r ¢( ) |B(a,r)\ B(a,r)

See [I7] for the original idea on these spaces. Here we assume that ¢ is almost
decreasing [that is, if » < t, then ¢(r) > C3¢(t)], and that r%¢P(r) is almost
increasing. These two conditions implies that ¢ also satisfies the doubling condition.
In addition, we also assume that ¢(r) — 0 as r — co. We note that if ¢(r) =
rA=d/P with 0 < A < d, then L»?® = LP* — the classical Morrey space.

As on the (classical) Morrey spaces, we have the following result for M,, on the
generalized Morrey spaces, which is a refinement of Theorem 1 in [22].

Theorem 3.1. Let ¢; := @P/Pi j=1,...,m. If ¢P satisfies the integral condition:
oo D t
/ (bT() dt < Cy¢®(r), r>0, (3.2)
-

then M,, is a bounded operator from LP1:®1 x ... x LPm:®m to LP® with

[Mnflpe < C H ||fj||17_7v¢j'

j=1

Remark. The integral condition on ¢P implies that on d)fj, and so the Hardy-
Littlewood maximal operator M is bounded on LP#%i for each j = 1,...,m (see
Theorem 1 in [I7]). With this in mind, the proof of Theorem is very similar to
that of Theorem [2.1] and so we leave it to the readers.

Analogous to Theorem[2.2] we have the following theorem about the boundedness
of I,, , on the generalized Morrey spaces.
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Theorem 3.2. Suppose that ¢P satisfies the integral condition and the in-
equality

gb(r)/orp(tt)dt+/oop(t)t¢(t)dt§05¢p/q(r), r>0, (3.3)

where p < g < co. Then, I, , is a bounded operator from LP191 .o x LPmo%m o
Lo with

m

|q,¢p/q <C H ||fijj7¢j7

j=1

[, pf

where ¢; := @GPPI j=1,...,m.

Remark. The hypotheses are imposed to assure that the (linear) fractional integral

operator I, is bounded from LP*¢ to Lo (see [M]). Here we do not assume that ¢
is surjective as we do in [7]. The proof of Theorem [3.2]is similar to that of Theorem

Corollary 3.3. With the same hypotheses as in Theorem[3.3, we have

m
p6 < CUW g gore TT15llpys 0,

j=1

W - L, ,f

where ¢; := GP/Pi; j=1,...,m, and % =

1_ 1
P q’
4. AN EXTENSION TO THE NON-HOMOGENEOUS SPACES

Suppose now that R? is equipped with a Borel measure u satisfying the growth
condition of order n with 0 < n < d, that is, there exists a constant Cg > 0 such
that

w(B(a,r)) < Cgr™

for all @ € R? and > 0. This condition replaces the doubling property

n(B(a,2r)) ~ u(B(a,r)),
that we enjoy in the homogeneous setting (especially when R? is equipped with the
usual Lebesgue measure).
As in [5], for any locally integrable function f on R? we define the maximal
function M* f by the formula

1
M* f(z) = sup — [f(x = y)| dp(y)-
>0 1" JB(0,r)
The operator M* is bounded on LP(u) for 1 < p < oo [5]. We shall now discuss its
boundedness on the generalized Morrey spaces LP*?(u) which is defined below.
For 1 <p < ooand ¢ : (0,00) — (0,00), the space LP*?(y) = LP?(R?, ;1) consists
of all functions f € L{, (u) for which
1 1
fllp,o,u :=sup —[
H |;U o . ¢(7,)

a‘7

[ weraw]” <.
B(a,r)

As in the previous section, we assume that ¢ is almost decreasing and r™¢P(r) is
almost increasing.

On these generalized Morrey spaces, we have the following result on the (sublin-
ear) maximal operator M*.

e
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Theorem 4.1. The operator M" is bounded on LP**(u) for 1 < p < oc.

In the non-homogeneous setting, we define the (linear) fractional integral I/ f
by the formula

Pyl
iw= [ HW ) duty)
re [yl
Here p : (0,00) — (0, 00) satisfies the usual doubling condition or the weaker growth

condition ({3.1)).

The following theorem gives the boundedness of /' on the generalized Morrey
spaces in the non-homogeneous setting.

Theorem 4.2. Suppose that ¢P satisfies the integral condition and the in-

equality
¢(7~)/T@dt+/m Mdt < Crg?r), >0,
where 1 < p < q< go. Then we ;mve
15 Fllg,prra,u < CIIS
that is, 1% is bounded from LP® () to L’ (1).

|p7¢ o

Corollary 4.3. With the same hypotheses as in Theorem[{.3, we have

W - I fllpgn < CAW s g yull Fll s

where % =

1_1
rq’
We now move on to the corresponding multilinear operators we are interested

in, namely the multisublinear maximal operator M}, :

MEf(x —sup/B(0 H|f] (x — jy)|d,u( );

r>0 T

and the multilinear fractional integral operator L ,

It f(x) = / plly) Hf] (z — ;1) duy).

a |y|n

Let ¢; := #P/Pi j = 1,...,m. Then we have analogous results to Theorems

and Corollary

Theorem 4.4. If ¢P satisfies the integral condition , then M} is a bounded
operator from LPY®1(p) x -+ x LPm®m () to LP? (), with

m
[ Mpfllpgn < C H ||fj||Pj7¢'j’“'

j=1

Theorem 4.5. Suppose that ¢P satisfies the integral condition and the in-
equality , Then IV, , is a bounded operator from LP»®*(p) x --- x LPm®m (1)

to La:9"" (), with

m
f |q)¢p/q,u S C H ||fijj»¢j7H'

Jj=1

150
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Corollary 4.6. With the same hypotheses as in Theorem[[.5, we have

m
P, S C ||W||s7¢17/5,y, H ||fj||p_i7¢.f’#’

Jj=1

W - I3, £

where % =

Q=

1
p
5. CONCLUDING REMARKS

As in [20], another version of maximal operators may be defined on the non-
homogeneous space by the formula

1
M™Ff(z) = supi/ f)lduly),
(@)= sp s | 1) dn(w
where x > 1. This operator is bounded on the generalized Morrey space LP*?(k, 1)
for 1 < p < oo, where the norm is given by

1 1
7l = sup o [ @ Pduta
Pl B=B(a,r) d)(ﬂ("{B)) N(HB) B
In [9], the boundedness of the corresponding fractional integral operator I ol on
such spaces is also proved. Using the same strategy, we can obtain analogous results
to Theorems and Corollary for the multisublinear maximal operator
M;7# and the multilinear fractional integral operator I

1/p
) .
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