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Abstract. There are two versions of Orlicz—Morrey spaces (on R™), de-
fined by Nakai in 2004 and by Sawano, Sugano, and Tanaka in 2012. In
this paper, we discuss the inclusion properties of these two spaces and
compare the results. Computing the norms of the characteristic func-
tions of balls in R™ is one of the keys to our results. Similar results for
weak Orlicz—Morrey spaces of both versions are also obtained.
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1. Introduction

Orlicz—Morrey spaces are generalizations of Orlicz spaces and Morrey spaces
(on R™). There are two versions of Orlicz—Morrey spaces: one is defined by
Nakai [3,11] and another by Sawano, Sugano, and Tanaka [3,15]. We shall
discuss both of them here. In particular, we are interested in the inclusion
properties of these spaces.

A function @ : [0,00) — [0, 00) is called a Young function if ® is convex,
left-continuous, ®(0) = 0, and lim;_,~, ®(t) = co. Given two Young functions
@, ¥, we write ® < W if there exists a constant C' > 0 such that ®(¢) < U(Ct)
for all ¢t > 0.

Let G1 be the set of all functions ¢ : (0,00) — (0,00) such that ¢(r)
is nondecreasing but @ is nonincreasing. For a Young function ¥, we also

define G2 to be the set of all functions ) : (0,00) — (0,00) such that t(r) is
P((r+s)")

EEESD

For ¢1, ¢ : (0,00) — (0,00), we write ¢1 = ¢o if there exists a constant

C > 0 such that ¢1(t) < Coo(t) for all t > 0. If ¢1 < ¢o and ¢ < ¢1, then

we write ¢1 = ¢o.

nondecreasing but for any s > 0 is nonincreasing.
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Let ® be a Young function and ¢ € G;. The Orlicz-Morrey spaces
Ly.o(R™) (of Nakai’s version) is the set of measurable functions f € L{ _(R")
such that for every a € R™ and r > 0, the following quantity

. _¢(B(a,1)]) |f ()]
1#llo 2,0, ry:=nf {b 0 |B(a,r)| /B(a,r) q>< b )dx = 1}

is finite. We use the notation B(a, r) to denote the open ball in R™ centered at
a with radius r, and |B(a,r)| for its Lebesgue measure. The Orlicz—Morrey
spaces Ly o(R™) is a Banach space with respect to the norm | f|z, ,&n)
=SUPacrn, >0 |f1l(4,8,B(a,m))-

For ¢(r) = r, the space Ly o (R™) is the Orlicz space Lg (R™). Meanwhile,
for ®(r) = 12 and ¢(r) = 1= % where 0 < A < n, the space Ly o(R™) reduces
to the Morrey space L, x(R™).

Now, let ¥ be a Young function and ¥ € G,. Sawano, Sugano, and
Tanaka defined the Orlicz-Morrey space My, o (R™) to be the set of measur-
able functions f € L} (R") such that

loc

aec

£l My o (Y= Sup >Ow(|B(avT)D”fH(‘I’,B(a,T')) < o0,

where || | (v, 5(a,r):=1nf{b >0 W}w)l JB(am \I/(lf(bx)l)dx < 1}. Notice here
that (| B(a,r)|) dominates of the growth || f[|(w,B(a,r))-

For the Young function ¥(t) = ¢? (1 < p < 00), the spaces My ¢(R")
are recognized as the generalized Morrey spaces MZ (R™).

Recently, Gunawan et al. [5] presented a sufficient and necessary condi-
tion for the inclusion relation between generalized Morrey spaces, as in the
following theorem.

Theorem 1.1. Let 1 < p; < po < 00 and ¥1,vs € Go. Then the following
statements are equivalent:
(a) 1 2.
(b) M2 () C M, (B").
(c) There exists a constant C' > 0 such that ||fHpr11 ®ny < C”fHMfé (R")
for every f € ./\/15)22 (R™).

In the same paper, Gunawan et al. also gave a necessary and sufficient
condition for the inclusion relation between generalized weak Morrey spaces.

Meanwhile, the inclusion relation between Orlicz spaces Ly (R™) and be-
tween weak Orlicz spaces wLg(R™) is known (see [8,9]). In 2016, Masta et al.
[10] also obtained the inclusion properties of Orlicz-Morrey space Ly ¢ (R™)
of Nakai’s version, as in the following theorem.

Theorem 1.2. Let &1, Py be Young functions and ¢1, o € Gy such that ¢ =~
¢2. Then the following statements are equivalent:

(1) P < Dy

(2) L¢2,<I>2 (Rn> - L¢1,‘I>1 (Rn)

(3) There exists a constant C > 0 such that

||fHL¢1,<I>1 (R™) < C||fHL¢2,q>2(]R”)7
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for every f € Lg, ,(R").

Remark 1.3. Note that the relation ®; < ®5 is a necessary and sufficient
condition for the inclusion relation between Orlicz—Morrey spaces of Nakai’s
version. For ¢ (t) = ¢2(t) = t, Theorem 1.2 reduces to Theorem 3.4(a) in
[8]. Furthermore, for ¢1(t) = ¢2(t) = t and wy(z) = wa(x) = 1, Theorem 1.2
complements Corollary 2.11 in [13], which states that ®; < ®, is a sufficient
condition for inclusion relation between Orlicz spaces. Related results about
inclusion properties of Orlicz-Morrey spaces can be found in [6].

In this paper, we would like to obtain the inclusion properties of Orlicz—
Morrey spaces My, ¢ (R™) of Sawano-Sugano-Tanaka’s version, and compare
it with the result for Nakai’s version. In addition, we will also prove similar
results for weak Orlicz—Morrey spaces of both versions. With our results, we
can see what parameters are significant in the inclusion properties for both
versions.

To prove the results, we will use the same method as in [5,9,10], that
is, by computing the norms of the characteristic functions of balls in R™. We
also employ the properties of the inverse function of ®, which are presented
in the following lemma.

Lemma 1.4. [10,11,14] Suppose that ® is a Young function and ®~* denotes
its inverse, which is given by ®~1(s):=inf{r > 0: ®(r) > s} for every s > 0.
Then the following hold:

(1) ®-1(0) = 0.

(2) @ 1(s1) < D I(s2) for s1 < so.
(3) ®(@71(s)) <5< P HD(s)) for 0 < s < 0.
(4) If, for some constants Cy,Cy > 0, we have ®; ' (s) < C1®; 1 (Cys), then

(I)l(CLl) < Cg‘bz(t) fort = @;1(5)

Throughout this paper, the letter C' denotes a constant that may vary
in values from line to line. To keep track of some constants, we use subscripts,
such as C7 and Cs.

2. Inclusion Properties of Orlicz—Morrey Spaces

As mentioned earlier, the key to our results is knowing the norms of the
characteristic balls in R™. Here is the first one on M, ¢ (R"):

Lemma 2.1. [3] For every a € R™ and r > 0, we have || XB(a,m My o @) =
(| B(a,r)|)
T

Our first theorem gives equivalent statements for the inclusion relation
between Orlicz—Morrey spaces of Sawano—Sugano—Tanaka’s version.

Theorem 2.2. Let V1, ¥y be Young functions such that V1 < Wy and 1,19 €
Gso. Then the following statements are equivalent:

(1) 91 < eho.
(2) My, v,(R") C My, v, (R").
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(3) There exists a constant C' > 0 such that

1My 0, @) < ClFlIMyy 0, @)
for every f € My, w,(R™).
Proof. Let us first prove that (1) implies (2). Let f € My, v, (R"). Recall

that Uy < ¥y means that there exists a constant C; > 0 such that Uy (t) <
Wy (C1t) for every t > 0. For every a € R" and r > 0, let Ay, Ba,r)) =

. f(z _ .
{0> 0 gy Sagn Y1 (5 de < 1} and A, ) = (0> 0: mamy;
fB(a " \IIQ(M)dx < 1}. Thus, for any b € A(y, B(a,r), We have

C”"|/ar) (q;')mg%/}g(a,r)%(CﬁfH)dz

Hence, it follows that b € Ay, B(a,r)), and so we conclude that Ay, B(a,r) €
A(w,,B(a,r))- Accordingly, we have

I
C1
and this holds for every a € R™ and r > 0.

Now there exists Cy > 0 such that 11(s) < Cat)a(s) for every s > 0.
Combining this with the previous estimate, we obtain

= ian(\Ill,B(a,r)) < ian(\IJQ,B(a,r)) = ||f||(\1/2,B(a,r))7

(\Ill 7B(a77‘))

1Moy oy @y = sup  a(IBla,r)DIfllw,,Bar))

a€R™, >0

sup  C1Coa(|B(a, 7)) fll(ws,B(ar))

a€R™, r>0

IN

= C[fllrmy, o, @®)-

This proves that My, v, (R™) € My, v, (R™).

Next, since (My, v, (R"), My, v, (R™)) is a Banach pair, it follows from
[7, Lemma 3.3] that (2) and (3) are equivalent. It thus remains to show that
(3) implies (1).

Assume that (3) holds. Let a € R™ and r > 0. By Lemma 2.1, we have

Y1(|B(a, 7))
Ty = IxXB@.n My, v, ®) < CliXB@) My, v, @)
_ Cys(|B(a,1)))
vyt
curta)

whence ¢ (|B(a,r)|) < T

arbitrary, we get ¢1(t) < 011/12( ) for every t > 0, where C; = C;fll(g) O

Corollary 2.3. Let ¥ be a Young function and 1,19 € Go. Then the following
statements are equivalent:

(1) Y1 = 9a.

(2) My, w(R") © My, w(R").

Ya(|B(a,r)|). Since a € R™ and r > 0 are
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(3) There exists a constant C' > 0 such that

1y o ') < ClF My, 0 @)
for every f € My, w(R™).

Remark 2.4. We note that the relation ¥ < 15 is a necessary and sufficient
condition for the inclusion relation between Orlicz—Morrey spaces of Sawano—
Sugano—Tanaka’s version.

3. Inclusion Properties of Weak Orlicz—Morrey Spaces

We shall now discuss the inclusion properties of weak Orlicz—Morrey spaces.
First, we recall the definition of weak Orlicz—Morrey spaces wLy ¢ (R™) [12].
Let ® be a Young function and ¢ € Gj. The weak Orlicz—Morrey space
wLy (R™) is the set of all measurable functions f : R™ — R such that

||f||wL¢,q>(R”) = SupaeR",r>0 Hf”’u’ng,@,B(a,r) < 0, where

||fHU)L(p,€D,B(a,'r')

®(t)¢(|B(a, € Bla,r): H2l ¢

it Lo 0y OB (o € Blar): 2 >
£>0 |B(a,7)]

fora € R" and r > 0. If ®(t) =P, 1 < p < oo and ¢(r) = r, the space

wLg o (R™) is the weak Lebesgue space wL,(R™) (see [1]).

The relation between wLg o (R™) and Ly o (R™) is presented in the fol-
lowing lemma. (We leave the proof to the reader.)

Lemma 3.1. Let ® be a Young function and ¢ € Gy. Then Ly o(R™) C
wLg o (R™) with ||f||wL¢yq>(Rn) < ||f||L(p)<p(]Rn) for every f € Ly o(R™).

The following lemma gives the norms of the characteristic functions of
balls in R™.

Lemma 3.2. Let ® be a Young function, ¢ € G1, a € R", and r,rg > 0. Then
we have

1
||XB(a,ro)||wL¢,q>,B(n,,r) = q)—l( [B(a,r)] )
|B(a,r)NB(a,r0)|$(|B(a,r)])
Proof. Since || lwriy s o < I l¢.@.B@r) a0d [[XB(aro)ll(6.8,Br) =
1 .
, we obtain
R e CLCE )
1
||XB(a,ro)||wL¢,q>,B(a,r) < q)fl( [B(a,r)]| )
[B(a,r)NB(a,r0)|é(B(a,r)[)
By the definitions of ® ! and || - lwLys 5> We conclude that
1
||XB(a,ro)||wL¢,q>,B(a,r) = (I)*l( [B(a,r)] )
[B(a,r)NB(a,r0)|é([B(a,r)[)
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Lemma 3.3. Let ® be a Young function, ¢ € G1, a E R™, and r9 > 0 be

arbitrary. Then we have ||XB(a,re)llwL, o &) = m
a,rg

Proof. Since @ is a Young function and ¢ € G'1, we have ||xB(a,r)l|Ly.o®") =
ﬁ for a € R™ and 79 > 0 (see [3]). Hence, by Lemma 3.1, we
(GBI

o<
have || XB(a,ro)llwLy.oe@®) < e ) On the other hand,

IXB(aro) lwLye@y = SuD  IXB(a,ro)llwLs.e nen
a€R™ r>0

1
= sup

[B(a.r)]
agk™ >0 O~ (5 m e S TE @)
1

2 — T .
" (GuBEamn)

Consequently, we have |[X B(a,re) |l wL,.o @) = %. O
a,rg

Now we come to the inclusion property of weak Orlicz—Morrey spaces
of Nakai’s version.

Theorem 3.4. Let &1, Do be Young functions, ¢y, o € Gy such that ¢1 < ¢s.
Then the following statements are equivalent:

(1) P < Dy

(2) thﬁz:‘I)z (Rn) - wL¢1,<I>1(Rn)'

(3) There exists a constant C > 0 such that

||waL¢1,<1>1(R") < CHf||wL¢2,<I>2 (Rm)
for every f € wLy, o,(R™).

Proof. Assume that (1) holds and let f € wlLg, o,(R™). Since &; < &, and
1 = ¢, there exist constants Cy,Cy > 0 such that ®1(¢t) < ®o(C1t) and
P1(t) < Caga(t) for every t > 0. Let a € R™ and r > 0. We consider two
cases.

Case I Cy > 1. Let

Ay, @1.B(ar)

®1()é1(1B(a,n))|{z € Bla,r) : LG > t}‘
{b>0:sup < 1}

£>0 |B(a, )]

{z € B(a,r): |f(bz)| > Coty}

1 (1)1 (|1B(a, 7))

{b>0:tslu>p0 |B(a,r)]| §1}
@1 (t1)o1(|B(a,7)|)|{z € B(a,r) : lfc(;)l >t}

:{b>0:tslu>% |B(a,r)]| Sl}
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and

Ay @5,B(a,r)

%@ﬁWﬂmenueBmmwf?:mﬂ
:{b>0:sup <1}

£>0 |B(a,r)|

Oy (t1)¢2(|B(a,)|)|[{z € B(a,r) : L2 > L3
:{b>“§% Ba, )] <%
a(t)n (B0, |{o € Blar) s 4 > )
=4qb>0:sup <1
t1>0 |B(a7r)\

Then HCL?H =inf Ay, &, B(a,r) and ||C1waL¢2,q>2,B<a,r> =inf Ag,,

Wl o1,B(a.r)

&5, B(a,r). Observe that, for arbitrary b € Ay, ¢, B(a,ry and t > 0, we have
()91 (1B(a,r)])|{x € Ba,r) : P > 1}

|B(a, )]

§ (pl(t) ¢1(|BC(2(1,T)|) |{$ c B(a,r) . |f(b$)| N t}|

= [B(a, )]

_ ®2(Cit)éa(|Bla. 1)) |{z € Bla,r) - T > 1

= |B(a, )]

= o ®a(t)da(|Bla, )| € Bla,r) : 9 > 1)
< sup

>0 |B(a, )]

<1.

1 ()61 (1B(a, Blar): L@l 5
Since t > 0 is arbitrary, we have sup, 1(gg)0n([Ble Tl)g!ixj‘ (0. L >1)| <

1. Hence, it follows that b € Ay, &, B(a,r), and so we conclude that Ay, &, B(a,r)
C Ay, .@,,B(a,r)- Accordingly, we obtain

el
Co
< inf A¢2,<I)2,B(a,r) = HleHde)Z’@%B(a’T).
Case IT: 0 < Uy < 1. Observe that, for arbitrary b € A4, o,,B(a,r)) and
t >0, we have (by setting s = &-)

@, (1)¢1(|B(a,7)|)|{z € B(a,r) : 120@1 - 4y
|B(a,r)|
@y (t)p1 (| Ba,))|{z € Bla,r) : LEL > L}
|B(a,r)|
®1(Ca8)p1(|B(a,r)|)|{z € Bla,r) : L > 5}
|B(a,r)|

=inf Ay, &,,B(a,r)
wly, . @q.B(a.r)
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. C01(&)d1(Bla,nD|{a € Blar) : )l > 53

|B(a,r)|
_ C3%5(Ca5)0n(|Bla, )| {x € Bla.r) : TN > s}
B |B(a, )|
_ ®2(C18)¢2(1B(a, 1)) |{x € Bla,r) : TP > s}
- |B(a,r)|

Dy (t1)p2(|B(a,m))|[{z € Bla,r) : L@ 5 44
< sup
110 |B(a,r)|
<1
a,r x a,r :7IC f(J')I
Since ¢t > 0 is arbitrary, we have sup,~ 210 (1B, )l)lg(ff)(‘ il >t}| <

1. Accordingly, we obtain [|Cofllwi,, o, 5o < NC1f llwig, oy 50

From Cases I and II, there exists a constant C' > 0 such that
[fllwory, o, 5@n < ClflwLy, ey 50, Since a € R™ and 7 > 0 are arbi-
trary, we conclude that | fllwr,, » ®) < Cllfllwr,, «,®"), Which implies
that U)L¢2’<p2 (Rn) g 'LUL¢17<1>1 (Rn)

As mentioned in [12, Appendix G|, we know that Lemma 3.3 in [7] still
holds for quasi-Banach spaces, so (2) and (3) are equivalent.

Now, we will show that (3) implies (1). To do so, assume that (3) holds.
By Lemma 3.3, we have

1

—1 1
@ (GrmBaron

) = ”XB(a,ro) ||wL¢1,<1>1 (R™)
C

1 1 )
@y (GBaron)

—1 1 —1 1 —1 C
whence ®," (5piamon) < O (Gusarn) < €210 (Grasamon)» for
arbitrary a € R" and ro > 0. By Lemma 1.4(4), we have

O (%) < Cada(to),

< ClIXB(ayro) lwLg, ey ®) =

where to = @5 (gptazop)- I C2 < 1, then @1(%) < ®a(t). If Oy > 1,

then noting that ®; is convex, we have
to 1 to
2 (55) < 71 (5) < ®alte).
o _0210_2(0)
Since a € R™ and rg > 0 are arbitrary, we conclude that there exists C3 > 0
such that (I>1(Ci3) < ®y(t) or equivalently ®4(t) < Po(Cst) for every t >
0. O

Remark 3.5. For ¢1(t) = ¢2(t) = t, Theorem 3.4 reduces to Theorem 3.3 in
[9].

We shall now study the inclusion properties of weak Orlicz—Morrey
spaces WMy ¢ (R™). Let ¥ be a Young function and ¢ € G. The weak Orlicz—
Morrey space wMy w(R™) is the set of all measurable functions f : R"” — R
such that
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I flwonty oy = sup (I Bla, ")) fllorty. ., < 0
acR™ r>0
where
U(t)|{z € B(a,r) : L& > 4}
[ fllwrmy o, :=inf § b > 0:sup <1y,

£>0 |B(a, )|

for @ € R™ and r > 0. Note that if there exists C' > 0 such that ¥, (¢) <
Wy(Ct) for every ¢t > 0, then | fllumy, s,y < Clfllwma, s, for every
a € R" and r > 0.

The following lemma tells us that wM,;, w(R™) contains My, ¢ (R™). (We
leave the proof to the reader.)

Lemma 3.6. Let ¥ be a Young function and ¢ € Gy. Then My ¢(R™) C
wMy g (R™) with || fllwaty o @) < Nfllmy o @ny) for every f € My o(R™).

Following similar arguments as in the proof of Lemma 3.2, we have the
following lemma.

Lemma 3.7. Let U be a Young function, a € R", and r,rq > 0. Then we

have
1

— |B(a,r)] :
U (@0 Btaron)

||XB(a,T()) H’LUM\P,B(a,r) =

The norms of the characteristic functions of balls in R™ are presented
in the following lemma.

Lemma 3.8. Let U be a Young function, ¥ € Ga, a € R", and 19 > 0 be

arbitrary. Then we have HXB(a,ro)Hwa,q,(R") = %‘fg’)l).

Proof. Since ¥ is a Young function and ¢ € G, by Lemmas 2.1 and 3.6 we
have [|XB(a,ro) lwiy o @) < %‘Légm, for a € R™ and ry > 0. On the other
hand, we have

IXB(aro)lwry o@y = sup V(| B(a,7))lIxB(are) lwry s
a€R™,r>0
B(a,r B(a,r
S X | 1. (5]
acR™,r>0 (|B(a,r)ﬂB(a,ro)\)
Consequently, we have ||XB(a,ro)llwy, o (&) = %‘léq‘;)l), as desired. O

Now we come to the inclusion property of weak Orlicz—Morrey spaces
of Sawano—Sugano—Tanaka’s version.

Theorem 3.9. Let Uy, Uy be Young functions such that V1 < Wy and 9,19 €
Go. Then the following statements are equivalent:

(1) ¥1 2 o.
(2) leZJ%‘I’Q (Rn) - 'LUMIZJ1,\I’1 (Rn)
(3) There exists a constant C' > 0 such that
1 f oy, o, ®) < N lwry, o, @)

for every f € wMy, w,(R™).
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Proof. Assume that (1) holds. Let f € wMy, w,(R™). Since ¥; < ¥y and
Y1 =X 1hg, there exist constant C7,Cy > 0 such that ¥1(t) < Cia(t) and
U, (t) < Wy(Cqt) for every t > 0. Observe that

1wy, e, ® = sup  Y1(|Bla,m) DI fllwrme, b
a€R™,r>0
< sup Ciho([B(a, ) DI fllwme, 5o
a€R”,r>0
< sup CiCoa(|B(a, 7)) fllwmay, e
a€R™,r>0

= 0102 ”f”w/\/lwz,\pz (R™)-

Hence, we conclude that wMy, v,(R") C wMy, v, (R™).
As before, (2) and (3) are equivalent, and so it remains to show that (3)
implies (1). To do so, assume that (3) holds. By Lemma 3.8, we have

Yi(|B(a,7)])
W = HXB(a,r)HwM«/,l,\pl(R")

Ca(|B(a,r)))
< Clixpam oy, o, @) = — =777

whence ¢ (|B(a,)]) < S (1)

< T 2(|B(a,r)|), for every a € R™ and r > 0. We
2

conclude that
1 (t) < Crapa(t)

coit()
vy (1)

for every t > 0, with C; =

4. Further Results and Concluding Remarks

The inclusion properties of Orlicz—Morrey spaces Ly ¢(R™) (Theorem 1.2)
and weak Orlicz-Morrey spaces wLg o(R™) (Theorem 3.4) generalize the in-
clusion properties of Orlicz spaces and weak Orlicz spaces in [8,9]. Meanwhile,
the inclusion properties of Orlicz-Morrey spaces My, w(R™) (Theorem 2.2)
and weak Orlicz-Morrey spaces wM,, ¢ (R™) (Theorem 3.9) generalize the in-
clusion properties of generalized Morrey spaces and generalized weak Morrey
spaces in [5]. Combining the results, one realizes that the inclusion relation
between Orlicz—Morrey spaces is equivalent to that between weak Orlicz—
Morrey spaces.

Recently, Guliyev, et al. [2,4] also introduced (strong) Orlicz—Morrey
spaces different from Nakai’s or Sawano-Sugano-Tanaka’s versions. For a
Young function ©, let Gg be the set of all functions 6 : (0,00) — (0, 00) such
that 6(r) is decreasing but ©~1(¢=")(¢)~! is almost decreasing for all ¢ > 0.
Now, let © be a Young function and 6 € Gg. As in [4], may they define the
Orlicz—Morrey space My o(R™) to be the set of measurable functions f such
that
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|| || 0,0 ! ( B ! ) || H S a,n <
’ M Rn):= sup ’ L B(a, o
)O( ) acR™, r>0 8(|B(a,7)|711) ‘ (a37)| O( ( )) ’

where || £ e (5(a,m)=mf{b > 0[5, O(LE)dz < 1},
Using similar arguments in the proof of Theorems 1.2 and 2.2, one may
obtain the following theorem.

Theorem 4.1. Let ©1, 05 be Young functions such that ©1 < O, 91_1 =< @2_1,
and 01,05 € Ggo. Then the following statements are equivalent:

(1) 03 < 0,.

(2) M92,92 (Rn) - M917@1 (Rn)

(3) There exists a constant C > 0 such that

1l Mey 0, @) < ClF lMey 0, @)
for every f € My, 0, R™).

Comparing Theorems 2.2 and 4.1, we can say that the condition on the
growth parameters for the inclusion of Orlicz-Morrey spaces My, ¢ (R™) and
My o(R™) are in principal the same. However, the condition on the Young
function for the inclusion of the Orlicz-Morrey space M.y ¢ (R") is simpler
than that for the Orlicz-Morrey space Mg o(R™).
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