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ABSTRACT. Given some data consisting of a finite sequence of real numbers, we
study some measures of central location of the data which we define to be the best
constants that approximate the data in certain norms. We also discuss how one
measure of central location is related to another.

1. INTRODUCTION AND MAIN RESULTS

Given a finite sequence of real numbers, (z1,...,2zx), say, one usually computes
the average or the (arithmetic) mean, among others, as the measures of central
location. Here the mean is given by pu = % sz\il x;. One property of the mean is
that the sum of the deviations is equal to 0, that is, Zf\il(xl — u) = 0. Another
nice property of the mean is that it minimizes the function F(£) := 31 (z; — )2
If we denote by (3 the space of real sequences X = (z;)Y, of length N, equipped
with the norm || X := (Zf\il x%)l/z, then the last property says that the average of
a sequence X is the best constant that approximates X in [%.

Now, for each 1 < p < oo, let I}, denote the space of real sequences X = (z;)Y; of
length N, equipped with the norm || X[, := (Zfil \xi]p)l/p. (Note that, for p = oo,
|| X || takes the maximum value of x;, i = 1,..., N.) Then, given a sequence X =
(z;)Y,, one may view it as a member of [}, and ask: what is the best constant that
approximates X in %, that is, what is the value of £ = ¢, that will minimize the
function F,(€) := || X — ¢||,, where X — & = (z; — N7

The following theorem tells us that such a value of &, at which £}, is minimum

always exists and, in most cases, is unique.
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Theorem 1. For each 1 < p < oo, there ewists &, € [ min_x;, _max x;] at which
i=1,..., i=1,...,

F, is minimum,; and such a value of &, is unique except for the case where p =1 and

N is even.

Proof. First observe that F,(&) > F,(_ r{nnN x;) for £ < I{liHN z; and that F,(§) >
1=1,..., 1=1,..
FP(A max_ :1:1) for £ > max_x;. Hence our search for §, at which F}, is minimum can
1= AR 1= RS

be restricted on the interval I := [Z:r{nnN Tis | :IrllaXN xz] But F}, is continous in &, and
so by the Maximum-Minimum Theorem such a value of &, must exist.

To prove the uniqueness, we shall use the fact that minimizing F, amounts to
minimizing G, = F}, especially for 1 < p < oo. For these values of p’s, G} is
differentiable and G,(§) = —p SV | — € tsgn(x; — €) for every € € I. Since
G, (Z:r{unN xz) < 0 and Gj, (Z :HllaXN xz) > 0, G, must achieve its minimum value at
an interior point of I at which G; is 0. But G, is also twice differentiable and
G (&) =p(p—1) Zfil |z; — &P~ > 0 for every € € I, and so we conclude that such a
point must be unique (for otherwise we would have a point in I at which Gg is equal
to 0). This proves the uniqueness of &, at which G, as well as F},, is minimum for

1 < p < 00. The proofs of the two remaining cases are implicitly contained in the

proofs of Theorems 2 and 3 below. O

For p = 2, we know that F, achieves its minimum at & = p, the mean. For
1 < p < oo in general, we may interpret the value of &, at which F}, is minimum
as the measure of central location of X in 5. In addition to the classical result for
p = 2, we also have interesting results for p = 1 and for p = co. See [?] for analogous

results in the continuous case. See also [?] for related work.
Theorem 2. If X is a monotone sequence, then F| is minimized at the median.

Note. If N is odd, the median of X = (z;)¥, is the middle term zye. If N is even,

the median of X is %(x% + x%H).



Proof. Let us first consider the case where N is odd. Without loss of generality, we
may assume that X is increasing. Our task is to show that Fy(€) = SN, |z, — €] is

minimized at & = x 41, that is,
2
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i=1
for every ¢ € [x1,zn]. To do so, observe that if { = Tap + 0 for some § > 0, then
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i=1
Similarly, if £ = x N1 — 0 for some 6 > 0, then

N N
Z|xz—§| >Z|xi—x% .
i=1 i=1

This proves the case where N is odd.
The proof of the case where N is even is similar, except that now F; is minimized

_1 -
at & = 2(95% + x%H), that is,

N 1 N
Zl\xz — ey +ay )| < Zl |z — ¢

for every £ € [x1,xy], and that the equality holds for every & € [z N TN 1) (meaning

that Fy actually achieves its minimum at every point in [z N TN 1)) O

Theorem 3. For any sequence X, the function F., achieves its minimum value at

1 .
=:( min x; + max x;).
$oo 2<i:1,...,N l+i:1,...),(N ’)

Proof. Obvious. O



It may be suitable for us to call £, = %( min z; + max xl) the centre of the

i=1,....,N i=1,....N

sequence. Then, one can also think of the radius of the sequence as the maximum

deviation about the centre, which is of course equal to half of the range:

: 1 .
radius ;== max_|z; — & = =( max_x; — min_ ;).
i=1,...,N 2 Vi=1,..,N i=1,...,.N

While there is no obvious relation between the measures of central location &,’s at
which F},’s are minimized, the following theorem tells us that there is a nice relation

between the values of || X —&,||,’s.

Theorem 4. For any sequence X = (x;)Y,, we have

N N
1 1/p 1 /g
(NZ‘iUi—fp|p) < (Nlei_gq‘q> ;
i=1 i=1

whenever 1 < p < q < o0.

Proof. By the fact that &, minimizes || X — &,||, and Holder’s inequality, we have
N

N
Z [z — &7 < Z |2 — &qlP
i=1 i=1

N

< (Z s — §q|q>p/q (i 1>1—10/q

i=1 =1

N p/q
— N1-p/a (Z |2 — €q|q> :

=1

whence
1 — Ll e L
N;’xi_fpl < (N;\ﬂfi—fq! ) :
Taking the p-th root of both sides, we get the desired inequality. 0

Remark. As a consequence of the above theorem, we have in particular the inequalities

1 & 1 & N\ 12
3Ol < (7@ -&)?) " < max |oi— &,

i=1 N

geeey

which relates the mean absolute deviation (about the median), the standard
deviation (about the mean), and the maximum deviation (about the centre) of any

sequence (z;)Y,.



2. MORE ABOUT THE MEAN AND THE CENTRE

Given a monotone sequence (z;)Y, of real numbers, it is rather laborious to com-
pute the mean, especially when N is large. In contrast, it is very easy for us to
compute the centre, which is just half of the sum of the first and the last terms.
Now, if one is curious to know how far the mean is from the centre, one may express

the difference between the two values as

[L‘l —|—IN < N>
A a Az
LD IREE S 5 (B
where A; = x;41 — 2y, i =1,...,N — 1. (Here we assume that N > 2.) Next, since

S (i — &) =0, we have

2

for any £ € R. Taking the absolute Values, we get

N-1
1 N
J<=Si-=|a -
! _N;‘Z 7| 18- ¢

for any ¢ € R. By Holder’s inequality, we have in particular the following two

=
MIZ

- 5) @i =9

i=1

estimates
N N-1
T+ TN 1 N —2
1) o DT EE Tep ML
and
N
r1+ TN 1
_ < _
(2) B S a] < sy max |Ai—¢

A=2 (if N is even) or (N— (if N is odd). The problem

for any ¢ € R, where Sy =
then is to choose & = & in (1) at which 3.7 "|A; — €| is minimum, and to choose

£ =& in (2) at which max |A; — £| is minimum.
=

From Theorem 2, we know that in order to minimize S " |A; — €], we must first

rearrange (A;)Y 7', to get a monotone sequence (A¥)Y7' and then choose &€ = A%
2

(if N is even) or —(A* L+ AN+1) (if N is odd). Meanwhile, from Theorem 3, we
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know that in order to minimize max |A;—¢&| we must choose { = 3(  min
. i

i=1,...,N—1 i=1,...,

max A;). If, for instance, N is even, then the estimate (1) will become

i=1,...N—1
+ 1« A
’m TN - Z:: Z AT —

while the estimate (2) becomes

<u( max /A; — min Ai).

- Ti| =
8 i=1,..,N—1 i=1,..,N—1

‘l’l—i-ZL’N 1
2 Ni:1

A+
1

Both estimates tell us that the mean will not be very far from the centre if the A;’s

are approximately constant, as we expect. Note, however, that the second estimate

is easier to compute than the first one.
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