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Abstract. We discuss the notions of strong convergence and weak convergence in n-inner product
spaces and study the relation between them. In particular, we show that the strong convergence
implies the weak convergence and disprove the converse through a counter-example, by invoking an
analogue of Parseval’s identity in n-inner product spaces.

1. Introduction

Let n>2 beaninteger and X be a real vector space of dimension >n. A real-valued
function <-:|----->on X" satisfying the following five properties:

<zl, zl|22,---,zn> >0; <zl, zl|22,--~,zn>:0 if and only if

Zy,2,,-+,Z, are linearly dependent; (11)

<zl,zl| zz,---,zn> = <zi1,zil ziz,-~~,zin> for every permutation

(ig,--, i) of @, n); (12)

(XY 2500 20) = (VX 25,2, ) (13)

<cxx,y|22,-~-,zn>=a<x,y|22,---,zn>, aeR; (14)

<x+x’, y| 22,---,zn> = <x, | 22,--‘,zn> + <x’, Y| 25,0, zn>; (15)
is called an n-inner product on X, and the pair (X,<--|----,->) is called an n-inner
product space.

On an n-inner product space (X,<-:|+---,->), the following function

21,25, 24| := <zl,zl| zz,m,zn)l/2

defines an n-norm, which enjoys the following four properties:
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|20, 20| 2 0, | 23,7+, 2,]| = 0 ifand only if

Zy,--+, 2, are linearly dependent; (N1)
| zy,-+. 2, s invariant under permutation; (N2)
||0(Zl,22,-~~,2n|| = |a| ’ " Z1’22!""Zﬂ"’ aeR; (N3)
||x+y,zz,~~-,zn|| < || x,zz,m,zn" + || y,zz,m,zn". (N4)

For example, any inner product space ( X,<-->) can be equipped with the standard
n-inner product

<KY> <X Z,> - <XZI,>

. <Ly, Y>> <1Iy5,2yp> -+ <1Iy,l,>
<X,y|22,...,zn> = Z:y 2: 2 . 2: n .
<Zp,¥Y> <Z1p,Z> - <I,,Zp>

Observe here that the induced n-norm

<2y,2y > <Iy,lp> o <I3,I,> %

<22,Zl> <Zz,22> e <ZZ‘Z|']>
lzy,-+2 24 = : : . :

<zn,21> (25,2,> - <Z,,7,>

represents the volume of the n-dimensional parallelepiped spanned by z,,---,z,.

An n-inner product enjoys many properties analogous to those of an inner product.
For instance, one may verify that the Cauchy-Schwarz inequality

(Y| 2002,)" < [x2p 2 | o202

holds for every x,v,2z,,---,z, € X.

The concept of 2-normed spaces was first introduced by Gahler [3], while that of
2-inner product spaces was developed by Diminnie, Gahler and White [1,2].
Their generalization for n>2 may be found in Misiak’s works [9,10]. For recent results
on n-normed spaces and n-inner product spaces, see, for example, [4,5,7,8].

In this paper, we shall discuss the notions of strong convergence and weak
convergence in n-inner product spaces and study the relation between them.
In particular, we show that the strong convergence implies the weak convergence and
disprove the converse through a counter-example, by invoking an analogue of Parseval’s
identity in n-inner product spaces.
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2. Main results

Let (X,<-:|---,»>) be an n-inner product space and | -,---,-| be the induced n-norm.
A sequence (x,) in X is said to converge strongly to a point xe X
whenever |x, —X,zy,--,z,| — 0 for every z,,---,z,€X. In such a case, we
write x, > x. Meanwhile, (x,) is said to converge weakly to X whenever
<Xy —x,y| Zy,+,2, > — 0 forevery y,z,,--,z,€X.

Clearly if (x,) and (y,) converge strongly/weakly to x and y respectively, then, for
any o, feR, (ax, +pfy, ) converges strongly/weakly to ax+ fy.

Moreover, one may observe that if X = X, then
I X: 2o, 20| = || X 22,1 2, || for every z,,---,z, € X This tells us that |-, -
is continuous in the first variable. By Property (N2) of n-norms, ||-,---,-| is continuous

in each variable.
Next, if x, > x and y, — y, then by the triangle inequality for real numbers and

the Cauchy-Schwarz inequality for the n-inner product we have

(5l 2] = (3l 22002
< ‘<Xk —X,y|22,...,zn> + <Xk - X, Yk _y|22"”’zn>
(0 s -] 232

S LR T IR B A B

+ =% 2o 20 vk =Yz 24
o NN B A
whence <X, VY 25,2, > > <X, ¥ | Z,,---,2Z, >. This shows that <-|-,---,-> is

continuous in the first two variables.
Now we come to our main results. The first proposition below tells us that a
sequence cannot converge weakly to two distinct points.

Proposition 2.1. If (x, ) converges weakly to x and x’ simultaneously, then x = x'.

Proof. By hypothesis and Property (15) of n-inner products, we have
<X Y1 Zp 20> > <X Y| 2g,00, 2, > and at the same  time
<xk,y|zz,---,zn>—><x',y|zz,-~~,zn> for every y, z,,---,z,e€X. By the
uniqueness of the limit of a sequence of real numbers, we must have
<x,y|22,-~,zn>:<x’,y|zz,---,zn>or
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<x—x’,y|22,~-~,zn> =0
forevery y, z,,---,z, € X. In particular, by taking y =x—x’, we obtain
[ X=X, 25,2, = O

forevery y, z,,---,z, € X. By Property (N1) of 2-norms and elementary linear algebra,
this can only happens if x—x"=0 or x=x".

The next proposition says that the strong convergence implies the weak
convergence.

Proposition 2.2. If (x,) converges strongly to x, then it converges weakly to x.

Proof. By the Cauchy-Schwarz inequality, we have

‘<xk -x | 22,--‘,zn> < | % =% 2520 | - | Ve 2o 2, |

for every vy, z,,---,z, € X. Since by hypothesis the right-hand side tends to 0 for every
Y, Z,,--+,Z, € X, so does the left-hand side.

Corollary 2.3. A sequence cannot converge strongly to two distinct points.

The terminology that we use suggests that there are sequences that converge weakly
but do not converge strongly. Here is one example that invokes an analogue of
Parseval’s identity.

Example 2.4. Let (X,<-->) be a separable Hilbert space of infinite dimension and
(ey), indexed by N, be an orthonormal basis for X. Then, for each x and z e X, we
have Zk <X, e ><1Z,e >=<X2z>. Inparticular, if x=2z, then we have Parseval’s

o 2 .
identity >, <x,e, >*=| x|, where ||| = <.->’* denotes the induced norm.
Now equip X with the standard n-inner product <-|-,---,->, as given previously in

the introduction. Then, for each x, z,,---,z, € X, we have the following analogue of
Parseval’s identity

2
Y (e zzza) = %20 2o 20000024
k n-1

where ||-,---,||,; denotes the standard (n—1)-norm on X (see [6]). For n=2, the
identity can be verified easily as follows
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S (0 12)2 = Tl ned |2 - (x2)zey)]
=y e 2] - 2k zedx 2]t ¢ (x2) (e )]

=[xl - 20 2)* [ 2]+ 2)* | 2|

X1 - 2] 2
“ %z 2]

As the reader would have already expected by now, our counter-example is
(e, ). Because of Parseval’s identity, we must have <x,ek| Zy,,Z, > — 0 for every

X, Zy,---,2, € X, thatis, (e ) converges weakly to 0. Now, for each ke N and
Z,,-+,2, € X, denote by e; the orthogonal projection of e, on the subspace spanned

by z,,---,z,. Then one may observe that ” ey —ef:“ — 1, whence

lewz2owizall = e e - 220 20y > 122020,y = 0

whenever z,,---,z, are linearly independent. This shows that (e,) does not converge
strongly to 0 in X.

3. Special cases

As shown in [5], on any n-inner product space ( X,<--|+---,»>), we can define an inner
product <-,-> with respect to a linearly independent set {a;,---,a,} < X by

<x, Y> = > }<x, y‘ A, >

{i21'“vin}g{1v“'ln

and put || -||= < >¥2 as the induced norm. Then, given a sequence (X, ) in X, we can
also define the strong convergence with respect to ||-|| and the weak convergence with
respect to <-->. These types of convergence are in general weaker than the previous
ones, defined with respect to ||-,---,-|| and <-,-|----,- > respectively.

In the standard case, however, one may observe that they are as strong as the
previous ones, respectively, so that we have the following relation between the four types
of convergence:
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strong convergence w.r.t. ||-,----]| =  weak convergence w.r.t. <--|- -, >
strong convergence w.r.t. ||-|| =  weak convergence w.r.t. <>

(see [8] for basic ideas). This gives us another explanation why our counter-example in
the previous section works.
Finally, in the finite-dimensional case, we know that any sequence that converges

weakly with respect to <--> will converge strongly with respect to ||-||, and that any
sequence that converges strongly with respect to ||-|| will converge strongly with respect
to ||,---,||. Therefore, the four types of convergence are all equivalent.
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