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Abstract. In this brief article, we prove some weighted estimates for Stein’s maximal function by
using interpolation techniques. In some cases, our results agree with those previously obtained in [2]
and [4].

Suppose f is a Schwartz function on R" (n > 3). For Re(a) > 0 and r > 0, define the
operators M, , by

Mo, r f(X) = mg,r * f(X)

where
L)
M. (x) = o) , if x| <1
0 , otherwise

and m, (x) = r"mg,(x/r)[5]. Asisknown,

-n/2-a+1
J

ma(g):”7a+l|§| n/2+a—1(27[|§|)

(see [6], p. 171). Thus, for o € C in general, we can define M,  f by the relation
(Mg )7 () = g (ré) f(£).

(One may also define M, ,f by analytic continuation; see [1] for how it works.)
Observe that

1
Mo, f =5 M

where M, f(x) denotes the average of f on the sphere of radius r centered at Xx.
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Now define

M, f(x) = sup|M,, f(x)|.
r>0
Here {M, } forms an analytic family of operators. Particularly we have
1
MO f = E M S f

where Mg f(x) = supr>0| M, f (x)| denotes Stein’s maximal function. Also note that

for some constant c. (Here My f denotes the well-known Hardy-Littlewood maximal
function.) Stein [5] shows that

Mt < Caplfl,
if (a) Re(a)>l—% forl<p<2 or (b Re(a)>2T“ for 2<p<w. Asa
consequence of this, one can derive the estimate

[Msfll, < Coll 1,

provided that -1 < p < o,

In this paper, we are concerned with the weighted estimate for Stein’s maximal
function, namely

[Ms 0 < Coal Tl

f(x)|°
w(x)dx. For definition of A, weights, see [3].) With the above estimates for M, f

for any possible values of p >1 and weights w € A, . (Here | f ||zW = I )

and the fact that M, f is majorized by M f when Re(a) > 1, we prove by using the
Stein’s analytic interpolation theorem [6] (applied to the analytic family of operators
{M,}) that the weighted estimate for Stein’s maximal function holds for some w € A,

where p > -t Precisely, we have the following theorem:
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Theorem. The weighted estimate

IMs ], <Couwlfl,.,
holds for

_
(@) ﬁ<p$2,W€A;”.

n-2

(b) 2<p<oo, Wwe AP,

1-P
© Se<p<nwe ALy, -
n-p

Remark. w e Ag means that w can be written as w = v¢ for some v e A, and
0< @ <q. Forpower weights w(x)=|x|*, we A, ifandonlyif -n<a<n(p-1),

and so w € AJ means that —nq <a <n(p-1)q.

Proof.

(@) For n1<p52, we have

IMa ]l < Cappll f],. Re(@) > 1—%
IMa ], < Capwlfl,, Re@ 2LweA,.

By the Stein’s analytic interpolation theorem,

Mot < Capumol

n n
Re(a) > 9—, + |1- — |, WEe A,.
@ = 0% ( p j P
In particular, when o = 0, we have

IMs T w < Comol Tl Weh, 06 <1-—,

p,w?

or equivalently

P

sl < Coul fll,y, . we A"
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(b) For 2 < p < o, we have

2-n

IMF) < Copf fll)  Re(@)>
IMat], < Capul fll,, Re(@) =1 weA,.

The Stein’s analytic interpolation theorem gives

IMatlp e < Capmol 500

Re(a)>9(n+g_2j—(n;2j, weA,.

When « = 0, we have

n-2
||Msf||pyw,, < vawvg||f||pvw,,, weA,, 0<6< ey
or equivalently
_n-2
"MS f "p,w s CP’W” f "p,w’ we ABH}?Z '
(c) For “r<p<n, let q="202 " Thenclearly q<p<2 or 2<p<q

n-p
(depending on the value of p). Now, we have

Mot < Calfl, Re(@) >1-3
Mol < Coqul Tl Re(@ =1 we .

Interpolation will give

IMatluo = Carmol flle e

Re(x) > t% + (l—%), %:l—gt + %,WE Ay, 0 :%_
When a = 0, we have
”MS f ”r,wf’ < Cr,w,¢9 " f ||r'W(~,)l
rt n-2

1 1-t
r 2

t
+—,we A;j,0=—,0<1c<
q A q
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Taking t arbitrarily close to “T‘Z we getr close to p and 4 closeto 1 - % Hence we
conclude

IMs 0 < ol Tl we AT
P, p,

Remark. Estimate (a) is sharp in 6, in the sense that & cannot be greater than 1 — %

This result has been previously obtained in [2] and [4]. Estimate (b) is certainly not
sharp in 6, except for p = 2. Estimate (c) is better than (a) and (b), particularly for

negative power weights. (For power weights w(x) = |x|a, (c) says that the estimate
holds provided that p—-n<a<np-n-p.)
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